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INTRODUCTION 

To most physical scientists, the term measure- 
ment brings to mind issues of precision, reliabil- 
ity, bias, and technique. One takes for granted 
that the attribute in question-be it the velocity 
of light, the mass of an electron, or the diameter 
of the sun-is measurable, that i t  can be quan- 
tified in a consistent and meaningful way. In the 
physical sciences very precise systems of meas- 
urement have been developed that permit largely 
observer-free descriptions of physical objects 
and events. But think back to the early history 
of physics, when the very nature of many meas- 
ures was a matter of doubt and debate, and most 
measurement systems in use resulted from the 
needs of trade and commerce, not physical 
theory. True, there were strong intuitive 
notions of what we now call force, weight, mass, 
time, velocity, momentum, work, heat, and tem- 
perature, but it took a great deal of effort to 
develop methods for measuring these attributes 
of physical systems and to understand the rela- 
tions among them. In the process, it became 
necessary to introduce some far less intuitive 
but equally important measures, such as entropy, 

kinetic and potential energy, acceleration, 
impedance, and charge. 

Psychological measurement is in a compar- 
able, floundering state with informal concepts 
that seem to admit of degree or amount, but 
whose means of measurement remain crude, 
controversial, and uncertain. Subjectively, our 
sensations of hunger, loudness, and sweetness 
are no less real than our sensations of force, 
energy, and acceleration. Moreover, for both 
psychological and physical attributes, our 
sensations suggest a measurement system that 
codes the degree or amount of the attribute or 
property in question. However, it is important to 
recognize an essential difference between the 
objectives of physical and psychological meas- 
urement. Physics studies certain properties of 
space, matter, and radiation, not the sensations 
they engender, although there is no doubt that 
in its early development physics was strongly 
guided, and sometimes misguided, by these 
sensations. In psychology, we are concerned 
with the sensations themselves, and this dif- 
ference poses a challenge to develop measures 
that are appropriate for our special purposes. 
The system of measurement that develops in 
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psychology will undoubtedly turn out to 
resemble that of physics in certain fundamental 
ways, but new problems requiring novel solu- 
tions are also likely to emerge. 

Physics and its applications exhibit three dis- 
tinct levels of theory. First, there are the pri- 
mitive relations among attributes that deter- 
mine both the measurement representations and 
the interconnections among measures, as 
reflected in the structure of physical units. 
Second, there are the various laws of physics 
that are expressed entirely in terms of these 
measures, such as the basic equations of electro- 
magnetic theory (Maxwell's equations), of hydro- 
dynamics, of kinetics, and of statistical mechan- 
ics. And third, certain particular systems are 
modeled and the equations are solved for those 
cases. An example is the force exerted on a par- 
ticular airfoil in a particular fluid flow, or the 
movement of the needle of a voltmeter when 
placed across a particular circuit under par- 
ticular conditions. Keep in mind that, at each of 
the three levels, important regularities are 
found, all of which are called laws; those of 
measurement, those of general physical pro- 
cesses, and those of particular physical systems. 
Although they all express regularities, they are 
obviously not all of the same type, since they 
differ in generality. 

If three distinct levels really can be distin- 
guished, at which level does the psychophysicist 
operate when studying loudness? If a scale of 
loudness is developed, is it (1) an example of 
measurement, (2) a part of some psychophysical 
theory, or (3) the manifestation of the operation 
of a mechanism? In the first case, it must eventu- 
ally be shown to arise as the representation of a 
lawful qualitative structure. In the second, it is 
best thought of as a construct whose ultimate 
status is not necessarily clear; often constructs 
of theories eventually become basic measures, 
once the situation is better understood. And in 
the third, it may best be thought of as a random 
variable, reflecting the probabilistic character 
of a mechanism, but not necessarily having any- 
thing to do with fundamental measurement. 

We discuss the first separately and then lump 
the other two. 

The Strategy of Measurement and 
Scaling in Psychophysics 

In following this strategy we suppose that the 

sensations themselves are attributes of the 
organism, comparable in many ways to the 
properties of physical objects. As such, these 
attributes are assumed to be highly stable and 
regular, and thus they can be subjected to care- 
ful analytical study and represented numeric- 
ally in a manner analogous to physical measure- 
ment. This approach is concerned not only with 
the assignment of numerical values to the 
psychological states, but also with the way in 
which the observed psychological measui-es 
possess various formal properties of the number 
system into which they are being mapped. For 
the purpose of this chapter, we will refer to this 
as the measurement approach. 

If this approach is followed and succeeds, one 
anticipates the discovery of general laws relat- 
ing the sensations to physical attributes. That 
is, the measured sensations are expected to cor- 
respond systematically to the physical quan- 
tities that give rise to them. This is the point of 
view, more or less explicit, that has informed the 
tradition of psychophysical measurement that 
began with Fechner (1860) and received major 
impetus in this century by Thurstone (1927), 
Stevens (1951, 1975; see the latter for numerous 
references), and many others. For example, 
sound intensity, that is, the amplitude of the 
pressure wave impinging on the eardrum, is a 
well-understood physical attribute that is highly 
correlated with the sensation called loudness. It 
is, however, by no means identical to it. For one 
thing, the relationship is not linear; twice the 
amplitude does not give rise to twice the per- 
ceived loudness. Moreover loudness is affected 
by the frequency of the sound as well as by its 
intensity. A more striking example, perhaps, is 
color vision. Light stimuli are described at the 
physical level by the energy at each of an infin- 
ity of wavelengths, but perceptually this infi- 
nite-dimensional space is mapped onto the much 
simpler, three-dimensional structure of the 
psychological color space. Thus, the relation 
between the physical stimulus and the corre- 
sponding psychological response may be quite 
complex, although this approach assumes that 
the relation is lawful. 

For the measurement view to prevail in 
psychophysics or, more generally, in psychol- 
ogy, or even more generally, in biology, it 
appears necessary for some structure of inter- 
connected scales to arise, much as exists in 
physics. This would mean a complex pattern of 
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reductions of some psychological scales to 
others, with a resulting simple pattern of units, 
and quite possibly some simple connection with 
the scales of physics. This appears to be the 
program that Stevens was pursuing; we discuss 
it below. To anticipate, Stevens attempted to 
argue that the psychological scales of intensity 
are all power functions of the primary physical 
scales that manipulate each attribute. Moreover 
he attempted to show that a consistent pattern 
of power functions holds among the scales of 
intensity, suggesting a single underlying attri- 
bute of psychological intensity. Were that true, 
then psychophysical measurement would simply 
enlarge the system of physical measures, just as 
electromagnetic theory did in the second half of 
the last century, and one could anticipate the 
development of psychological theories involv- 
ing these sensory (and perhaps other) variables 
on the model established in physics. 

Within this tradition of measurement there 
are a number of subschools and points of view. 
Perhaps most notable is the division between 
axiomatizers and scalers. The axiomatizers 
(whose approach is exemplified in Krantz, Luce, 
Suppes & Tversky, 1971, Narens, 1985, and 
Roberts, 1979) tend to treat the following type of 
problem: If a body of (potential) qualitative 
observations satisfies certain primitive laws- 
axioms that capture properties of these observa- 
tions-then is it possible to find a numerical 
structure that accurately summarizes these 
observations? In technical terms, the question 
is: To which numerical structures is the set of 
qualitative observations isomorphic? An iso- 
morphism is a one-to-one mapping between 
structures under which the structure of the one 
maps into that of the other. It is also desirable to 
have an explicit process whereby the numerical 
structure can be constructed from the qualita- 
tive one. This literature, which is a part of 
'applicable mathematics,' is purely mathemati- 
cal in character, but the choice of structures to 
be studied is greatly influenced by the type of 
application intended. The objective of this 
approach is to illuminate the range of possible 
situations that permit the development of a 
measurement system, to determine the type of 
system that is appropriate, and to provide at 
least one method for its construction. 

The scalers pose a different, often more imme- 
diately useful, problem. They are concerned 
with transforming psychological data, which 

are for the most part fallible in the sense of 
exhibiting a certain amount of inconsistency 
and irregularity, into some familiar numerical 
representation. For example, the question may 
be how best to locate points in some geometri- 
cal, often metric, space so as to represent the 
psychological relationships among stimuli? 
This approach accepts the fallible nature of the 
data, and is, therefore, not so much concerned 
with verifying that the data satisfy specific 
properties entailed by the chosen representa- 
tion as with searching for the best possible fit of 
the data within the chosen class of representa- 
tions. The fit between the original data and the 
solution is evaluated in some global, statistical 
sense. 

In the short run, this scaling approach has 
proved to be very directly usable. In the long 
run, solving some of the deeper questions posed 
by the axiomatic approach to measurement, 
such as defining the possibilities for measure- 
ment, discovering how complexes of structures 
interrelate (as, for example, those underlying 
the system of physical units), and determining 
what kinds of statements are meaningful in a 
measurement structure, may have more pro- 
found implications for progress in psychology. 

The Strategy of Mechanisms in 
Psychophysics 

The second major strategy for describing psycho- 
physical attributes is to focus on sensory and 
other mechanisms in the organism. This stra- 
tegy is directed at analyzing the internal sys- 
tems responsible for the transduction, trans- 
formation, storage, and interpretation of sen- 
sory information. In this view, the organism is 
likened to an information processing machine, 
with the sensations corresponding to certain 
aspects of its internal workings, perhaps the 
firing patterns of various key neurons that are 
monitored by an executive control system. This 
was probably the implicit view of most psycho- 
physicists working on sensations in the 19th 
century, including the remarkable Helmholtz 
(1867). It is certainly the dominant point of view 
of psychophysicists working in this century. 
Consequently, we will call this the psychophysi- 
cal approach, and the last part of the chapter 
will be devoted to a summary of some classical 
and contemporary work in this field. In that 
section, a distinction is made between local 
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psychophysics, which is concerned primarily 
with sensory mechanisms that serve to discrimi- 
nate stimuli that are physically little different, 
and global psychophysics, which is directed 
toward understanding the apprehension of 
sensations over the full dynamic range of the 
physical signal. The dividing line between local 
and global psychophysics is fuzzy in much the 
same way as is the transition from day to night. 
Global psychophysics, with its concern for the 
relation between sensations and the numeric- 
ally measured physical stimulus has close ties 
with measurement theory, which will be dis- 
cussed first. 

What is t o  be Measured? 

Before turning to the theory of measurement, it 
may be well to consider for a moment the ques- 
tion of what it is that is to be measured. Psycho- 
logists are interested in a wide variety of behav- 
iors in humans and animals, and obviously the 
interests of the investigator determine to a large 
extent which of the observable behaviors receive 
attention. Once this choice has been made, the 
investigator faces the problem of devising an 
appropriate set of experimental measures that 
are sensitive to the attributes of interest. In this 
step, investigators are necessarily guided to a 
significant degree by their own intuitions, but if 
a number of different measures converge on a 
single conclusion, there is more reason to be 
confident of the findings. 

Because of the diversity of interests in psycho- 
logy, there are many different answers to the 
question, what is to be measured? The attributes 
of interest can be physical, physiological, or 
purely psychological. In general, external, 
physical measures, such as age, sex, and weight, 
tend to be easy to measure but difficult or 
impossible to manipulate by experimental 
procedures. Consequently, studies employing 
these variables tend to make comparisons 
across different subject groups. Internal physio- 
logical measures, such as hormone levels, neu- 
ronal firing rate, and blood pressure, are usually 
more difficult to obtain, but they are still reduc- 
ible to some physically defined values. Of these, 
some can be varied over a wide range depending 
on the experimental conditions; others are less 
susceptible to experimental manipulation. Pure- 
ly psychological variables pose very difficult and 
important problems of measurement. Some are 

usually viewed as relatively enduring charac- 
teristics of the individual, such as intelligence, 
authoritarianism, and the number of items that 
can be held in short-term memory. Others are 
characteristic of the momentary state of the 
individual, and they may vary over a wide 
range, depending on the external conditions 
immediately preceding the time at which the 
measurement is made. The external conditions 
are often referred to as stimuli when they are 
varied intentionally in a controlled manner. 

Psychophysical measures of sensory states 
are of the latter type. The stimuli typically used 
in these studies have the desirable feature of 
inducing an internal state rapidly and of permit- 
ting a shift from one state to another in a matter 
of seconds or at worst minutes (the ear adjusts 
exceedingly rapidly, the eye is more leisurely, 
and taste receptors require even more time). By 
common convention, psychophysical stimuli 
that readily alter the internal states are called 
'signals.' 

At this time, physiological techniques have 
not been sufficiently developed to permit direct 
access to many of the sensory states of interest. 
So for the most part the emphasis in psycho- 
physical experiments is on carefully controlled 
changes in the external signals. Does this mean 
that we can assume that there is a one-to-one 
correspondence between signals and sensory 
states? Unfortunately, the data strongly suggest 
that the variability in the induced sensory 
states is far greater than can be accounted for by 
uncontrolled variation in the physical signal 
that gives rise to the sensation. Mach of the 
theoretical and experimental work in psycho- 
physics is an attempt to contend with the imper- 
fect relation between signals and sensory states 
as reflected in the observer's responses. Perhaps 
physiological techniques will some day allow us 
to sidestep this difficult problem, but in the 
meantime we proceed by labeling the internal 
states, albeit imperfectly, by the signals used to 
generate them, and confine ourselves to stimuli 
that bring about rapid sensory changes. 

AXIOMATIC MEASUREMENT 

Our aim in this section is to convey a sense of 
the nature of the work in axiomatic measure- 
ment, not to provide a comprehensive summary 
of the literature pertaining to measurement. 
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Not only would that be impossible in the space 
available, but much of the work in this area is 
technical in character, and thus inappropriate 
for a general presentation. We will, for the most 
part, ignore the technical details that lie 
beneath the results we describe. Nevertheless, it 
should be kept in mind that measurement theory 
is quite distinct from the majority of work in 
psychology, which is of an empirical, inductive 
character. In contrast, measurement theory pro- 
ceeds in the deductive fashion of mathematics: 
certain formal properties are defined and theo- 
rems are proved. These theorems take the form 
of assertions that, if certain properties are true 
of the structure in question, then certain con- 
clusions follow as a matter of pure logic. Meas- 
urement theory is a subpart of that branch of 
mathematics that studies ordered algebraic sys- 
tems; however, the impetus for its development 
is not purely mathematical but comes from the 
need to place measurement in the social sciences 
on a firm foundation. The special character of 
the measurement approach reflects concerns 
that arise from empirical studies in the social 
sciences, particularly psychology. Despite the 
theoretical nature of this work, it has the poten- 
tial to be applied to experimental situations, and 
to the extent that the application is successful it 
may help the investigator to summarize and 
organize complex sets of observations, to 
develop models and theories, and to reach a 
deeper level of understanding of the phenomena 
under study. 

Representation and Uniqueness 
Theorems 

Most results in measurement theory come in 
pairs (for more complete discussions, see Krantz 
et al., 1971; Roberts, 1979; Suppes & Zinnes, 
1963). The first specifies conditions (axioms) 
under which it is possible to find numerical 
representation of the qualitative information. In 
other words, it formulates properties of a quali- 
tative set of observations that are adequate for 
a certain kind of measurement system or scale to 
be appropriate. Such a result is called a repre- 
sentation theorem. The second type of result, 
called a uniqueness theorem, determines how 
unique the resulting measure or scale is. In 
other words, once we know that measurement is 
possible, the uniqueness theorem describes all 
other representations that are possible using 

the same numerical relations and operations. 
We illustrate these two types of theorems in 
several important cases. 

Orderings and Ordinal Measurement 
All measurement, whether within the axiomatic 
or scaling tradition, begins with a method that 
orders the objects or events under study accord- 
ing to the attribute of interest. At least half- 
some would say m o r e o f  the practical measure- 
ment problem is solved by finding a satisfactory 
method for ordering the stimuli according to the 
attribute in question. Over time, the methods 
may change and improve, but concern for refin- 
ing the method should not mask the fact that it 
is merely a way to elicit the qualitative ordering 
of the attribute. Once a method has been adopted, 
we can turn our attention to the rest of the 
measurement problem, namely, finding a num- 
erical representation. 

To study internal states, which is our focus 
here, there is little to do but to ask the subject 
which of two signals produces more or less of the 
psychological attribute in question. For example, 
the subject may be questioned which of two 
signals is louder, brighter, or whatever. There 
are any number of variants on this basic stra- 
tegy; for example, subjects may compare two 
pairs of stimuli and judge which of the two is the 
more similar in terms of certain specified, or 
possibly even unspecified, attributes. 

There are some peculiar features to such 
reports about internal states. In principle, one 
should be able to ask questions about any inter- 
nal state to which the observer has some access, 
but in practice those that change slowly, such as 
hunger, are difficult to compare, possibly because 
of the severe burden placed on memory. Thus we 
are limited to states that change rapidly, and 
even so we must take care to minimize the mem- 
ory load. 

In addition, we have no way of being certain, 
except perhaps by examining the data for inter- 
nal consistency, that the subjects are accurately 
reporting their internal states. Even if the same 
response is given every time the same pair of 
signals is presented-which is rarely the case 
-we find ourselves in a somewhat uncertain 
position until physiological measures of inter- 
nal states become available that closely corre- 
late with verbal reports. Lacking these tech- 
niques, we are left with one of two strategies 
in the face of fluctuations in the observer's 
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responses. One is to attribute these fluctuations 
to errors of measurement and to deal with them 
statistically. For example, one can present two 
signals, a and b, many times, and say that a has 
more of the attribute in question than does b if 
this is the observer's judgment on the majority 
of trials. Alternatively, one can try to build 
theories to account for the nature of the vari- 
ability that arises in the mapping between sig- 
nals and internal states. Some suggested theo- 
ries for doing this are described later. 

For the moment, assume that we have a set of 
order judgments from an observer, and consider 
the question of exactly what properties we 
might expect these judgments to exhibit. Sup- 
pose that we denote the set of signals in the 
experiment by A = {a, b, c, . . .J,  where a typi- 
cal element, say b, is simply a way to identify or 
label a well-defined procedure for presenting a 
particular signal to the subject. Let a 2 b stand 
for the observer's report that the sensation 
generated by a has at least as much of the attri- 
bute as that generated by b. Put another way, 2 
consists of all ordered pairs of signals for which 
the observer asserts that the first member of the 
pair has at least as much of the attribute as the 
second member of the pair. In technical terms, 
2 is called a relation on the set of signals A. The 
first property that we expect the judgments to 
exhibit is transitivity: if whenever a 2 b and 
b 2 c are both true, then a 2 c will also hold in 
the data. In practice, this rarely holds without 
exception, but it appears to be approximately 
true for many of the senses that have been inves- 
tigated. It seems plausible also that this would 
be true of the internal states if we had direct 
access to them, and whatever failures are 
observed in the data may simply result from the 
imperfect match between signals and internal 
states. There also seems to be no problem in 
assuming that the relation 2 is connected: for 
any two signals, a and b, either a 5 b or b 2 a 
or both. (When a 2 b and b Z a are both true, 
we say that a is indifferent to b and write a - 6.) 
Any relation that is both connected and tran- 
sitive is said to be a weak order. These minimal 
assumptions seem to be likely to hold quite 
generally for many sets of elicited judgments. 

Having made these definitions, we can turn 
to the measurement problem in which we are 
really interested. The question is whether there 
is a way of assigning numbers to signals, say the 
number +(a) to signal a, such that the observed 

order relation on the set of signals is mirrored 
by the order of the numbers into which they are 
mapped. In other words, can we find a function, 
4, from A into the real numbers that is order 
preserving in the following sense: for all a, b in 
A, a 2 b if and only if +(a) 2 +(b)? That is to 
say, the numerical representation is such that 
the number assigned to a is greater than or 
equal to the number assigned to b in just those 
cases in which a is judged to have at least as 
much of the property as b. This is the representa- 
tion question, and the answer to it is a qualified 
Yes. An order preserving function can always be 
found if A is either finite or denumerable (which 
means that the signals can be enumerated by 
using the integers). When A is infinite and not 
denumerable, a stricter requirement, of a some- 
what technical nature, is needed for the func- 
tion to exist. This requirement is that the set A 
must include a denumerable subset that acts in 
A in the same way as the rational numbers (the 
fractions) act in the set of real numbers, namely, 
that it is dense in the sense that between any 
two distinct numbers there is a rational number. 
This result, precisely formulated, is known as 
the Cantor-Birkhoff Theorem (see Section 2.1 of 
Krantz et al., 1971, or Sec. 3.1 of Roberts, 1979). 
This is the first major result of measurement 
theory. 

It might seem that the major objective of 
measurement has been accomplished, namely, 
that of finding a numerical scale to represent the 
set of signals. However, the answer to the 
second measurement question, uniqueness, is 
disappointing. It turns out that any strictly 
increasing function of the obtained scale + is 
just as good as the original scale. This means 
that if +*(x) is given by f [+(x)], where f is any 
strictly increasing function whatsoever, then it  
is also an order preserving numerical repre- 
sentation. Scales that are unique only up to 
such transformations are known as ordinal 
scales. (This term and those of ratio, interval, 
and log interval scales to be defined below were 
introduced by Stevens, 1946.) 

To make this point more concrete and to illu- 
strate why this kind of scale is problematic, 
consider the example where +*(x)  = f [+(x)] = 

+ 3 ( ~ )  + 2. This is a monotonic increasing func- 
tion of +-because f [+(a)] > f [+(b)] if and only 
if +(a) > +(b)-and so according to the unique- 
ness result this new +* is also an order preserv- 
ing scale. We call this result disappointing 
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because nothing about numbers except their 
order is invariant. Suppose a, b, and c are such 
that d(a)  + d(b)  = d(c). Then for our trans- 
formation, 

In words, this means that addition is not invari- 
ant under scale changes, that is, d*(c) # d*(a) + 
d*(b). Multiplication also is not invariant under 
scale changes. And so we do not have available 
to us any of the power of the numbers, and much 
of the point of measurement is lost. For example, 
statistics such as the mean and variance are not 
invariant. Only summary statistics based on fre- 
quency, such as the median, are not changed in 
going from one ordinal scale to another. 

In order to gain greater uniqueness, more 
structure than just order is required of the 
empirical relational structure. We now turn to 
two major, related approaches to the problem of 
obtaining greater uniqueness of the measure- 
ment scale. 

Extensive Structures: Combining Objects 
Many physical attributes have, in addition to 
order, the property that if two objects, both pos- 
sessing the attribute, are combined, then the 
combination also exhibits the same attribute. 
For example, not only can weights be ordered by 
placing them in the two pans of an equal-arm 
balance and seeing which pan drops, but if the 
two objects are combined by placing both in one 
pan, the combination so formed also has weight. 
We use the symbol 0 to denote the operation of 
combining objects, so that a b means the com- 
bination of a with b. And we use the general 
term concatenation to refer to the process of 
combining two objects. 

There are three kinds of properties to be 
expected in a system having both an order rela- 
tion 2 and a concatenation operation 0: those 
that involve only 2, those that involve only the 
concatenation operation 0, and those that 
involve both 2 and O .  The first we have 
described already: 2 is a weak order. The 
second arises by considering what happens 
when the concatenation operation is applied 
more than once, as for example, when a and b 
are first combined, and c is then added to them, 
written as (a 0 b) 0 c. An alternative would be 

first to combine b and c, giving b 0 c, and then to 
combine this with a, giving a (b c). At least 
for the pan balance situation, we would expect 
the following to hold: if there is some weight d 
that balances (a  0 b) 0 c, then it should also 
balance a 0 (b  0 c), and if d does not balance 
(a 0 b) 0 c, then it also should not balance 
a 0 (b 0 c). In symbols, (a 0 b) 0 c - d if and only 
if a 0 (b  0 c) - d .  Because the indifference rela- 
tion - of a weak order is transitive, this 
property, called weak associativity, is normally 
abbreviated as 

(a 0 b) 0 c - a 0 (b  0 c). 

Many operations, such as addition and multi- 
plication of numbers, and sums and products of 
matrices, exhibit associativity. However, not all 
operations are associative; for example, the aver- 
aging operation defined by x 0 y = ( x  + y)/2 fails 
associativity, because ( x  0 y) 0 z = [(x + y)/2 + 2112 
is not in general equal to x 0 ( y  z )  = [ x  + ( y  + 
z)/21/2. 

Another property one would expect is: a 0 b - b 0 a. This is called commutativity. It is clearly 
true of the weight example, and indeed it follows 
as a consequence of the additive representation. 
Nevertheless we need not assume it explicitly 
because it follows logically from the other 
axioms. 

We next evolve two properties involving both 
0 and 2. The first comes from considering two 
equivalent objects c and c', written as c - c'-in 
the case of weight, two objects that balance 
exactly. If an additional object a is added to the 
pan containing c, then that side of the balance 
will drop (so long as the balance is in a vacuum, 
or the objects have density greater than air). 
This property, known aspositivity, says that for 
any a in A if c - c', then a 0 c > c'. The second 
property is again concerned with a situation in 
which c - c', and c is combined with an object 
a. However, in this case c' is combined with yet 
another object b. Intuitively, it seems plausible 
that if a 2 b, then combining c with a and com- 
bining c' with b should not change the ordering; 
that is, a 0 c 2 b 0 c' should hold. Going the 
other way, if a 0 c 2 b 0 c', then taking away c 
and c' should preserve the ordering of a and b, so 
that a 2 b. Together these are summarized as: 

if c - c', then a 2 b if and only if 
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This property is called monotonicity (or indepen- 
dence). 

These definitions allow us to state the next 
important result in measurement theory. This 
result says that if 2 is a weak order, if 0 is 
weakly associative, and if both positivity and 
monotonicity hold (together with some more 
technical assumptions, such as solvability and 
the Archimedean axioms, which we need not go 
into here), then there is a mapping 4 of A into 
the positive real numbers that preserves the 
order relation 2 and is such that the concatena- 
tion operation 0 in A corresponds to addition in 
the real numbers. In symbols, the function 4 
that maps A into the real numbers has the 
properties that, for all a and b in A, 

(i) a 2 b if and only if 4(a) 2 4(b), 
and 

(ii) 4(a 0 b) = 4(a) + 4(b). 

Any qualitative structure that has a representa- 
tion with these two properties is called an exten- 
sive structure. 

The answer to the question of the uniqueness 
is now most satisfactory. The representation is 
unique to the extent that any other representa- 
tion that preserves the order relation and maps 
the concatenation operation into addition is 
related to the first by a positive multiplicative 
constant. That is, if 4 and 4* are two representa- 
tions, then it must be the case that 4*(a) = 

k4(a) for all a in A, where k is some positive 
number. Families of representations that have 
the property of being unique up to a multiplica- 
tive constant are called ratio scales. Moreover if 
we choose to map a particular object of A into 
the number 1, that is, to make it the unit, then 
the representation is uniquely specified. (For a 
more detailed discussion of extensive measure- 
ment, see Sec. 3.1, 3.4, 3.6 of Krantz et al., 1971, 
or Sec. 3.6 of Roberts, 1979). 

In physics there are a number of cases, 
including the measurement of mass, length, and 
time, in which a positive, monotonic, associ- 
ative operation of the required sort exists. How- 
ever, there are others for which either there is 
no suitable concatenation operation, as with 
density or momentum, or an operation exists but 
it fails to meet one or another of the needed 
properties, as with temperature. In psychology 
few operations that one can think of preserve 
any attribute of interest, and by and large those 

that do fail to satisfy one or another of the 
properties needed for extensive measurement. 
Given this, why have we bothered to describe 
extensive measurement here? There are two 
reasons. First, it is the basis for certain funda- 
mentally important scales in physics, and it has 
been taken by many philosophers of science 
as the prototype of successful measurement. 
Second, extensive measurement is central to the 
development of the rest of axiomatic measure- 
ment theory in that nearly every other result in 
the theory either reduces to extensive measure- 
ment (although not necessarily in a trivial or 
obvious way) or is in some way a generalization 
of it. 

From here, there are two general avenues of 
development. One is to consider cases that have 
an operation with properties different from or 
weaker than those required for extensive meas- 
urement, or both. For example, only a minor 
modification allows probability to be treated as 
extensive measurement. For this case, let A be 
the set of possible chance events, and let a 2 b 
mean that event a is at least as probable as event 
b. Let the operation 0 be the union of disjoint 
(i.e., mutually exclusive) events. Note that this 
operation differs from that of extensive meas- 
urement because it is defined for only some of 
the pairs of elements of A, namely, those events 
that are disjoint. Nevertheless, a modification of 
the theory of extensive measurement yields the 
usual probability representation that is finitely 
additive. This has played some role in research 
on decision theory, and such qualitative theo- 
ries of probability may turn out to have impor- 
tant philosophic implications, as described 
later. The second avenue of development that 
may be followed is to abandon entirely the 
notion of an operation. We turn next to an 
approach that does this, at least on the surface. 

Conjoint Structures: Trading off Factors 
Thus far we have confined ourselves to the situ- 
ation in which the set of objects being studied 
varies in just one physical variable. Many cases 
of interest, however, involve multiple, indepen- 
dently varying factors. Much of science, includ- 
ing psychology, studies tradeoffs between such 
factors, Examples in psychology are stimulus 
pairs consisting of an amount of food and a 
delay of its receipt that are equally rewarding; 
pairs of intensities and frequencies of pure tones 
that are equally loud; and pairs of luminances 
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and durations that are equally detectable. More 
generally, one can ask which of two different 
sets of factors exhibits more of the psychological 
attribute; is 5 sec of access to a food tray after a 
3-sec delay more or less preferred than 2sec of 
access following a 1-sec delay; is a 60-dB SPL, 
500-Hz tone more or less loud than a 50-dB, 1000- 
Hz tone; is 50msec of a 100 troland light flash 
more or less detectable than a 20-msec, 500- 
troland flash? 

The stimuli in these two-factor situations can 
be described as pairs (a, p), where a labels the 
amount or level of factor A, and p labels the 
amount of factor P. The set of all such pairs 
(a, p) is called the Cartesian product of A and P, 
denoted A x P. Given a factorial structure of 
this sort, we can ask subjects to order the pairs 
(a, p) for some psychological attribute, such as 
preference, loudness, or detectability. This, 
then, gives an order on the set A x P, and the 
measurement question is: How can this psycho- 
logical structure be represented numerically? 
At first glance, it appears that this is just the 
ordinal measurement case described earlier, 
which was unsatisfactory because the numeri- 
cal representation was so lacking in uniqueness. 
It turns out, however, that if the numerical 
representation is required to reflect both the 
factorial structure of the pairs and the obtained 
pattern of tradeoffs, then the representation is 
much more unique than an ordinal scale. 

Perhaps it will help to understand the solu- 
tion to this representation problem if we first 
give one of many examples from physics. Sup- 
pose A is the set of all possible homogeneous 
substances, such as lead, water, oxygen, and so 
on, and P represents a set of containers. Thus 
(a, p) refers to the amount of substance labeled 
a just sufficient to fill the container labeled p. 
Let the ordering 2 be that induced on A x P by 
mass, as measured by a pan balance in a 
vacuum. From physics, we know that there is a 
positively valued numerical scale of mass m on 
A x P, of density Q on A, and of volume V on P, 
such that for all a in A and p in P, 

4% P )  = e (a )V(p) ,  

or, for short, m = QV. That is, a number can be 
assigned to each pair (a, p) that is equal to the 
product of the number assigned to a and the 
number assigned to p. The factorial structure 
and the trading off of the factors in this situ- 
ation are represented by the separate numerical 

mappings for A and P, the product of which 
gives the representation for A x P. A repre- 
sentation of this sort is called a product repre- 
sentation. 

In fact, it turns out that more can be said 
than this. There is a mass concatenation opera- 
tion, which is denoted here as ., on A x P, such 
that 

m[(a, P )  om (b, q)l = m(a, P )  + m(b, 9).  

In addition, there is a volume concatenation 
operation 0, on P such that 

V ( P  O" 9 )  = V ( P )  + V(9) .  
In words, there is some concatenation operation 
(placing the two filled containers on one side of 
the pan balance) on the pairs of substances and 
containers that corresponds to addition of the 
numerical values on the volume scale V .  

Keeping this example in mind, we turn now 
to the general measurement problem: under 
what conditions does a weak order, 2, on A x P 
have a product representation, and how unique 
is it? The answer must somehow involve the 
interplay between the order relation and the 
factorial structure. We now define two proper- 
ties that must govern this interplay in order for 
a representation of the desired sort to exist. The 
first property says that, if two pairs have the 
same level on one factor, then the same order on 
the pairs should obtain, independently of what 
this common factor is. In symbols, for all a, b in 
A, and p, q in P 

(a, P )  2 (b, P )  if and only if (a, q )  2 (b,  q)  

and (a,  p) 2 (a,  q) if and only if (b,  p) 2 (b,  q).  

It should be clear why this property, called inde- 
pendence, is essential if an ordering on the 
separate factors A and P is to exist. For 
example, if (a, P )  2 (b, P )  but (a,  q )  < (b,  q), 
then it would be impossible to assign any num- 
bers to a and b that are consistent with the 
ordering on the factorial structure, A x P. Such 
a failure of independence is reminiscent of inter- 
actions between factors in the context of analy- 
sis of variance. Consider a two-factor experi- 
ment in which two variables are being simul- 
taneously varied. If it turns out that there is a 
significant interaction between the factors, then 
no general statements can be made about the 
main effects of each of the factors taken singly. 

Note that if independence holds, we may 
define an order 2, on A by: a 2, b if and only 
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Factor P (a, p) 2 (b,  q)  if and only if 

Figure 1.1. Graphical representation of the double 
cancellation property. An arrow means that the stim- 
ulus pair at the foot of the arrow dominates the pair at 
the head of the arrow. Each single arrow is an 
antecedent assumption; the double arrow is the con- 
clusion. 

if for somep and so for allp in P, (a, p)  2 (b, p). 
In like manner, 2, is defined on P. These are 
referred to as induced orders. 

The second property needed for a multiplica- 
tive representation, called double cancellation, 
is less familiar, but equally important, and is 
described with reference to Figure 1.1. 

Each of the two factors has three levels: a, f ,  
and b are the levels of A, and p, x, and q are 
those of P. The requirement is that whenever 
the obtained judgments exhibit the ordering 
indicated by the single arrows, ( f ,  p )  2 (b,  x) 
and (a,  x) 2 ( f ,  q ) ,  then they must also exhibit 
the ordering indicated by the double arrows, 
(a, P )  2 (b ,  9) .  

With these definitions in hand, we now state 
the measurement result for this case. It can be 
shown (Debreu, 1960a; Luce & Tukey, 1964; 
Krantz et al., 1971, chap. 6) that if these two 
properties, independence and double cancella- 
tion, hold together with some more, rather tech- 
nical assumptions (again some form of solvabil- 
ity and an Archimedean axiom), then a multipli- 
cative representation of positive scale values 
exists on the factors. That is to say, there exists 
a positive, real-valued mapping $, on A, and J lp  
on P, such that 

Moreover, if $,$, is one such representation, 
any other must be of the form y$>$;, where a 
and y are both positive numbers. Families of 
representations that are invariant up to this 
kind of power transformation are called log- 
interval scales. 

A completely equivalent representation, in 
the sense of containing the same information, is 
produced by taking the logarithm of the multi- 
plicative representation. If 4, = log $, and 

= log $,, then 4, + 4, = log $,$, is an 
additive representation, and it is unique up to 
the affine transformation of the form a4, + 
a$, + P, where a is greater than zero and P = 

logy. Such families are called interval scales. As 
with the ratio scales found for extensive measure- 
ment, the unit or scale factor is not fixed. For the 
interval scales there is an additional degree of 
freedom, the exponent a in the case of log inter- 
val scales and the additive constant Pin the case 
of pure interval scales. Thus, these two scale 
types are slightly less unique than are ratio 
scales, but this additional degree of freedom 
does not Dose serious difficulties. In fact. the 
three scale types, ratio, interval, and log inter- 
val, are exactly the ones that have proved 
most useful in well-developed physical theories 
involving measurement. 

Earlier we said that many of the measure- 
ment situations that have been studied have a 
close tie in one way or another to extensive 
measurement, in which there is a concatenation 
operation 0. In the example given earlier in this 
section with physical substances and con- 
tainers, we discussed the existence of such 
operations. The general relationship between 
conjoint and extensive measurement is not too 
complicated to be outlined here. Suppose A and 
P each have a smallest element, denoted a, and 
p,, respectively, under the induced orderings 
2, on A and 2, on P defined by: a b if 
(a, P )  2 (b, P )  for all P ,  and P 2, q if (a,  P) 2 
(a,  q )  for all a. For each a in A, let n(a) be that 
element of P such that (a,  p,) -- (a,, n(a)). This 
means that the 'interval' on A with end points a 
and a, is just matched by the interval on P with 
end points p, and n(a). Now, we would like to 
combine the interval from a, to a with that from 
a, to any b in A; this gives the concatenation 
a 0 b. In order to see the trick for doing this, it 



AXIOMATIC MEASUREMENT 13 

a b  aob 

Factor A 

Figure 1.2. Graphical representation of the function 
n(b) and of the operation a 0 b. Stimulus pairs on the 
same curve are equivalent. 

may be well to follow the steps in Figure 1.2. The 
first step is to map the interval from a, to b onto 
P, by finding n(b) such that (a,, ~ ( b ) )  is indif- 
ferent to (b, p,). For example, if the structure 
consists of pairs of substances and amounts 
ordered by mass, then n(b) denotes the con- 
tainer such that the amount of substance a, has 
the same mass as the amount of substance b that 
fills container p,. The interval from p, to n(b) 
is then mapped back onto A, using a as the 
bottom of the interval. That is, we look for the 
element a 0 b such that (a b, p,) -- [a, n(b)]. 
So in the example a 0 b is that substance in the 
amount filling container p, that has the same 
mass as substance a in the amount filling con- 
tainer ~ ( b ) .  If this can be found (i.e., if such an 
a 0 b exists for all a and b in A), then the double 
cancellation property ensures that the opera- 
tion 0 thus defined is associative. Indeed, it can 
be shown that A with the induced ordering 2, 
and the concatenation operation is an extensive 
structure, and so there is an additive scale of 4, 
on A. By a similar argument one can construct 
a scale bp on P. Then one shows that the numeri- 
cal ordering of 4, + 4, corresponds to the qual- 
itative ordering of 2. By this trick, the proof of 
the conjoint case is. reduced to the extensive 
measurement situation. (If no minimal elements 
exist in either A or P, then additional problems 
are encountered, but they can be overcome.) The 
theory of conjoint measurement just described 
for two factors generalizes naturally to any 
finite, but fixed, number of factors, but the two- 

factor case illustrates the essential points. 
Later, in the section on functional measure- 
ment, we consider the case in which the number 
of factors is not fixed. 

Proximity Structures: The Judgment of 
Similarity 
To this point we have assumed that the subject 
orders (some of) the stimuli; such data are often 
called dominance data. It is also possible and 
common to get subjects to judge how close or 
similar two stimuli are. For example, if a, b, c, d 
are stimuli, then we may ask the subject to judge 
whether a is closer to b than c is to d ;  if so, we 
write (a, b) 5 (c, d).  Such data, often called 
proximity data, form an ordering 5 of A x A. 

A number of axiomatic theories exist for 
proximity data, leading to various sorts of 
representations for these data. The simplest, 
which is very closely related to additive con- 
joint measurement, results in a mapping 4 of A 
into the real numbers such that 

(a, b) 5 (c, d )  if and only if 

Rather more important, and somewhat trickier 
to axiomatize, is the representation 

(a, b) 5 (c, d )  if and only if 

where 1x1 denotes the absolute magnitude of x, 
independent of its sign. These axiom systems 
can be found in chapter 4 of Krantz et al. (1971). 

More important for scaling purposes are 
representations not into the real numbers, but 
into some sort of geometric space, especially 
some type of metric space. These representa- 
tions are described in detail under Scaling of 
Proximity Data, and a discussion of the axiomatic 
basis for this can be found in Beals, Krantz, and 
Tversky (1968). 

A rather different approach has been taken 
by Tversky (1977), who followed in spirit earlier 
ideas for probability models, which are described 
below. The essential idea is that stimuli can be 
thought of as collections of features or attri- 
butes. His feature-matching model postulates 
that similarity data can be accounted for by 
three sets of features: those the objects share 
and those that are unique to each of the two 
objects. More specifically, let A be the features 
or properties of object a and B those of object b. 
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The model assumes that the more features that 
are held in common by the two objects-that is, 
the more features in the intersection A and B, 
A n B-the greater will be the similarity meas- 
ure. Unique features-those of a not shared by b 
and those of b not shared by a,  denoted A - B 
and B - A, respectively-are assumed to sub- 
tract from judged similarity. Tversky has pro- 
vided conditions (axioms) under which there 
exists a function f that assigns numerical values 
to sets of features such that the observed simi- 
larity data are monotonically related to the fol- 
lowing equation: 

where 8, a, and P are positive constants. This 
expression incorporates the assumption that 
shared features add to and unique features sub- 
tract from the overall similarity between a 
and b. 

This feature-matching model is extremely 
general. The constants, B, a, and P, allow for the 
possibility that different tasks may induce the 
subject to place different emphasis on the 
shared and distinctive features. For example, if 
the subject is to rate how much alike the stimuli 
are, greater emphasis may be placed on the 
shared features than if the subject's task focuses 
on differences between objects. Moreover, tasks 
that are directional in character-for example, 
when the question is how much the first object 
is like the second object-may place greater 
emphasis on, say, the unique features of the first 
object than on those of the second. This allows 
the model to account for frequently obtained 
asymmetric similarity measures, that is, cases in 
which the measured similarity of a to b is dif- 
ferent from that of b to a. In addition, the fea- 
tures of the objects need not be either equal in 
number or equally salient. This difference may 
be reflected in certain kinds of similarity meas- 
ures, such as when some members of the set of 
objects turn out to be correctly identified more 
often than other members. Finally, the model 
may account for particular kinds of context 
effects, in which specific features or properties 
become important or salient because they are 
useful for dividing the set of objects into con- 
venient subsets. We note that, although the fea- 
ture-matching model is extremely general and 
powerful, no method yet exists for determining 

the appropriate features or for finding the 
required numerical function for the set of 
features. 

Scaling Arising from Representation 
Theorems 
Each axiom system for measurement leads to a 
family of numerical representations or a scale, 
and to the extent that the proof is constructive 
it leads in principle to a scaling method. How- 
ever, since not all scaling methods have received 
a measurement treatment, we have elected to 
discuss them later in a separate section. But 
before leaving the topic of measurement, we 
illustrate the major device for constructing a 
scale in the case of extensive measurement. 

Suppose a is any element of the stimulus set. 
Let a,, a,, . . . , a,, . . . be distinct objects in the 
set that are each equivalent to a. Then in an 
extensive structure, which is associative, we 
define the concept of n copies of a, denoted nu, to 
be 

na = a , o a , o . . . o a , .  

Note that if 4 is an additive representation in 
the sense of 4 ( a  0 b)  = 4 ( a )  + 4(b) ,  then 
4(na)  = n4(a) .  Now, to carry out an approxi- 
mate construction, some element e is chosen to 
be the unit and is assigned 4(e)  = 1. Suppose we 
wish to estimate 4 to an accuracy of E. Choose n 
to be an integer such that n > I /& .  For any ele- 
ment a, first find na and then search for that 
integer m such that 

The existence of such an m must be assured by 
an axiom of the system, called, the Archi- 
medean axiom. Note that if 4 exists, 

and so 
m / n  I 4 ( a )  5 m / n  + l / n .  

Thus, to an accuracy better than E ,  4 ( a )  = mln. 
This is basically the method by which physi- 

cal scales were originally developed, and this 
method can readily be extended to the conjoint 
measurement case. A psychological application 
of this method in the conjoint case was carried 
out by Levelt, Riemersma, and Bunt (1972). In 
that study subjects judged binaural loudness, 
with different intensities presented to the two 
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ears. They found that, to a good approximation, 
loudness is additive across the two ears and that 
for each ear it is a power function of physical 
intensity (see the section on magnitude estima- 
tion). Because there is considerable variability 
in such judgments, there is room for error. For 
this reason, Falmagne (1976) developed a modi- 
fied method based on median responses, and 
data reported in his studies suggest that the 
picture may not be as simple as indicated by 
Levelt et al. 

The method just described is usable only 
when one is working with very fine-grained 
dimensions so that elements with specific 
properties can be found. In psychology this is 
not often the case, because only a small number 
of levels of each of the factors can be generated, 
and one must then solve a finite system of linear 
inequalities. The theory for this is well 
developed and there are frequently used com- 
puter packages for solving the equations. (See 
the later section on functional measurement for 
an approach to the finite, factorial case.) 

Meaningfulness and Invariance 
As we have seen, fundamental measurement 
involves the search for numerical structures 
that mimic in all essentials the structure of the 
set of empirical observations. One's interest in 
finding such representations is primarily that 
they place at one's disposal all the powerful 
tools of mathematical analysis, including the 
calculus, probability theory and stochastic 
processes, statistics, Fourier analysis, etc. Valu- 
able as this is-it has been a major feature of the 
flowering of physics during the past 300 years 
Aangers  may arise from the fact that, once an 
empirical structure is mapped into numbers, the 
numbers tend to assume a life of their own, 
inviting assertions that go beyond what was 
actually captured in the measurement. 

As an example, suppose 2 is a weak order on 
the set {a, b, c, d, e )  that ranks the elements in 
alphabetical order. Each of the two numerical 

Table 1.1. 

Object Representation 1 Representation 2 

representations shown in Table 1.1 is an equally 
suitable representation of this ranking. Observe 
that 2, 6, and 8 are values of both representa- 
tions, and, of course, 2 + 6 = 8 is a truth of 
arithmetic. But does this arithmetical statement 
correspond to something that is true of the 
empirical structure, the alphabetical ordering 
of a, b, c, d, and e? One suspects that the answer 
is No, but is the reason clear? One might say 
that the addition operation does not correspond 
to an empirical truth because the empirical 
structure has no operation that is mapped into 
the numerical operation + . Although true, this 
is irrelevant. Often numerical operations are 
meaningful, even though they do not correspond 
explicitly to anything in the qualitative struc- 
ture. Recall, for example, that multiplication (or 
addition) meaningfully enters into the repre- 
sentation of conjoint structures, even though 
nothing corresponds to it directly in the empiri- 
cal situation. 

Why, then, is the statement 2 + 6 = 8 not 
meaningful in our example? A more subtle obser- 
vation, and one that is closer to the point, is that 
addition does not remain invariant when we 
substitute one perfectly acceptable representa- 
tion for another. That is, addition of the values 
for representation 1 does not correspond to addi- 
tion of the values for representation 2. To see 
this, let f be the function that takes representa- 
tion 1 into representation 2, so that f(8) = 6, 
f(6) = 4, and f (2) = 1. Now, if the operation of 
addition were invariant under this mapping, it 
would mean that f(2 + 6) should be equal 
to f(2) + f(6). But this is not true, since 
f ( 2 +  6 ) =  f (8)=  6andf(2)+  f (6 )=  1 + 4 = 5, 
which are not equal. So the addition operation is 
not invariant, and this is the real reason that it 
makes no sense to add scale values in this case. 
Before formalizing this more precisely, we turn 
briefly again to the concept of scale types. 

Scale Types 
We have already indicated how mappings between 
different, equally good numerical representa- 
tions can be used to classify the measurement 
scales. Stevens (1946, 1951) first brought this to 
the attention of psychologists, and he isolated 
three distinct cases that appear to be important 
in psychology, and indeed also in physics. These 
cases differ in the kinds of operations that are 
invariant under mappings between equivalent 
representations. The most restrictive condition 
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that can be applied to these mappings is that the 
representation be unique except for multiplica- 
tion by a positive constant (often called a sim- 
ilarity transformation), as was true for exten- 
sive measurement. As was noted earlier, meas- 
urement with this degree of uniqueness is called 
ratio measurement and the family of represen- 
tations is called a ratio scale. 

Stevens also singled out those empirical 
structures that have both a ratio scale repre- 
sentation and also a largest element. Examples 
of a largest element are the velocity of light and 
the certain event in probability measurement. If 
the value of one, or any other fixed value, is 
assigned to the largest element, then no trans- 
formations are permitted; Stevens called these 
absolute scales. It is true that such boundedness 
causes special theoretical problems, but it is not 
really useful to treat those structures as more 
constrained than other ratio scales. 

We return to the question raised above: when 
is a numerical statement involving the opera- 
tion of addition invariant under all possible 
representations within the scale? The answer is 
that this is true only for ratio measurement. 
This can be seen by noting that the transforma- 
tion f from one scale to another must be increas- 
ing and it must satisfy the following constraint: 
for all positive real x and y 

This is known to be true only if f (x) = ax, 
where a is some fixed positive constant (Acz61, 
1966). It is easy to verify that such functions 
have the required property; it is more difficult to 
prove that they are the only ones that do. So, in 
order for + to be invariant in the class of repre- 
sentations, the scale must be of the ratio type. 

A less restrictive condition that can be 
applied to the mappings between equivalent 
representations is that the mappings take the 
form of a positive linear (or affine) transforma- 
tion, ax + f i ,  a > 0. The scales that have this 
property are called interval scales. Note that 
since f i  can be any real number, the numerical 
values can be either positive or negative. If, 
however, we apply an exponential transforma- 
tion, ye"" with y = ea > 0, all values in the new 
representation are positive numbers, addition is 
transformed to multiplication, and the new repre- 
sentations are related to one another by the 
power transformation, qxv, q > 0, v > 0. Such a 
family of representations is called a log-interval 

scale because a logarithmic transformation con- 
verts them into an interval scale. 

The weakest case is ordinal measurement, 
where the measurement representations differ 
from one another by strictly increasing func- 
tion, and any such function generates another 
representation. Because only order information 
is invariant under mappings between the repre- 
sentations, these are called ordinal scales. Some 
researchers, including Stevens, choose to class 
many : one mappings as measurement, calling 
these nominal scales. We omit them here 
because we believe measurement should be 
defined as involving additional structure such 
as ordering relations. 

Symmetric Structures 
For some years measurement theorists have 
wondered whether there might exist interesting 
empirical structures with scales of strength inter- 
mediate between ordinal and interval and 
between interval and ratio. In fact, there are a t  
least two classes of structures that are not ratio, 
interval, or ordinal and whose scale types have 
never been characterized. These are semiorders 
(Suppes & Zinnes, 1963), which model algebraic 
thresholds, and Coombs's preference model in 
which a common ordering is folded about indi- 
vidual points to yield the preference orders of 
individuals (see below). Recently, Narens 
(1981a, b, 1985) has significantly clarified these 
issues. 

Consider mappings of a structure that trans- 
form it onto itself while preserving its structure 
-in other words, mappings that represent it on 
itself. This is exactly what a scale transforma- 
tion does in the numerical representation, but 
we can also study such mappings in the empiri- 
cal structure itself. They are called automor- 
phisms, and their existence corresponds to 
symmetries in the structure. Only symmetric 
structures have automorphisms, and the greater 
the degree of symmetry, the richer the set-tech- 
nically, g r o u p o f  automorphisms. One way to 
describe this richness is as follows. Let M be an 
integer, and suppose that each set of M distinct 
points can be mapped by an automorphism into 
any other set of M distinct points that are 
ordered in the same way as the first set; we then 
say the structure is M-point homogeneous. Thus, 
for example, a structure with an interval scale 
representation is 2-point homogeneous since 
with positive linear transformation one can 
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always find one that maps the point ( x ,  y), 
x > y, into (u ,  v), u > v. 

A second notion characterizes the redun- 
dancy o f  the automorphisms. I f  N points can be 
mapped into another N points, can the mapping 
be done in  more than one way? I f  not-that is, 
whenever two automorphisms agree at N dis- 
tinct points, they are the same automorphisms 
-then the structure is said to be N-point unique. 
W e  can easily verify that an interval scale struc- 
ture is %point unique. A structure is said to be 
of scale type (M,  N ) ,  i f  M is the largest value for 
which i t  is M-point homogeneous and N is the 
smallest value for which it is N-point unique. I t  
is easy to  show that M I N. 

Narens has established the following. For 
structures that are o f  type (M,  M ) ,  and that 
have a representation onto either the real num- 
bers or the positive real numbers-this means a 
highly dense set o f  objects-then 

( i )  M = 1 i f  and only i f  there is a ratio scale 
representation. 

(ii) M = 2 i f  and only i f  there is an interval 
scale representation. 

(iii) There are no (M,  M )  structures for 
which M > 2. 

Later i t  was shown that i f  a structure on the real 
numbers is both M-point homogeneous, M > 1, 
and N-point unique for some N ,  then i t  is 2-point 
unique and has a representation whose auto- 
morphisms form a subgroup o f  the linear trans- 
formations o f  an interval scale (Alper 1984, 
1987). This means they are o f  the form x -t 
ax + p, but not necessarily every transforma- 
tion o f  this type is an automorphism. Thus, for 
structures with M 2 1, the only case beyond 
ratio and interval is that with M = 1 and 
N = 2. Very little is known about the cases with 
either M = 0 or N = co (defined to  be those that 
are not N-point unique for any finite N ) .  Exam- 
ples o f  M = 0 structures are probability meas- 
ures over events defined on a continuum; and 
examples of  N = co are threshold structures 
called semiorders. 

Luce and Narens (1985) have studied all pos- 
sible structures with a concatenation operation. 
They established that the most general ratio 
scale structure on the positive real numbers 
must have a numerical operation o f  the form: for 
all real x and y, x y = y f (x /y ) ,  where f is a 
strictly increasing function and f ( x ) / x  is strictly 

decreasing. And the most general interval scale 
on the real numbers has an operation o f  the 
form: there are constants a and b that are both 
between 0 and 1, such that for all real x and y, 

Luce and Narens show that this leads to a pos- 
sible theory for choices among monetary gam- 
bles. I t  is similar to and only slightly more com- 
plicated than the well-known subjective expected 
utility theory (see Ch. 10 o f  Vol. 2), except that i t  
does not presuppose a high degree o f  rationality 
on the part o f  the decision maker. Further 
generalizations are in  Luce (1986b). 

Structure and Reference Invariance 
That addition is a meaningful concept i f  and 
only i f  measurement is at the level o f  a ratio 
scale is a special case o f  the following more 
general concept. Conaider any numerical rela- 
tion, by which we mean some collection R o f  
k-tuples (x,, x,, . . . , x,), where k is a fixed 
integer and the order o f  the elements matter. 
Such a k-tuple is called an (ordered) pair when 
k = 2, a triple when k = 3, and a quadruple 
when k = 4. Addition is an example o f  such a 
relation since i t  consists o f  all triples (x, ,  x,, x,) 
for which, in  the usual notation, x, + x, = x,. 
Another example is quadruples (x,, x,, x,, x,) 
that satisfy the cross-ratio property x,x, = x2x3. 
Now the property we want to isolate--call i t  
structure invariance ( in  the numerical struc- 
turebrequires a relation R to be invariant 
under the admissible transformations that take 
one measurement representation into another, 
that is, the automorphisms of  the representa- 
tion. More formally, a relation R on the real 
numbers is structure invariant relative to  a 
measurement theory i f  whenever (x, ,  x,, . . . , q) 
is in  R and whenever f is a transformation that 
takes one representation into another, then 
[ f ( x , ) ,  f(x,) ,  . . . , f ( xk ) ]  is also in  R. This is a 
first condition that must be met i f  R is to  be 
called a meaningful numerical relation vis-a-vis 
a particular measurement structure. Is there 
more to  meaningfulness? 

Consider a numerical relation R and a par- 
ticular representation $ o f  the empirical struc- 
ture. W e  can then ask about all the k-tuples (a,, 
a,, . . . , ab)  in  the empirical structure that map 
under $ into R, that is, such that [$(a,), $(a,), 
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. . . , 4(a,)] is an element of R. Let this set of 
empirical k-tuples be denoted by S(R, d), which 
makes explicit that it depends on the choice of 
both R and 4. Now, if the numerical relation R 
corresponds to something empirical-that is, 
has an invariant meaning back in the empirical 
s t ructurethen S(R, 4) should not in fact 
depend on 4. This is to say, if 4 and t+h are both 
representations, S(R, 4) = S(R, *). If this holds 
for all representations, we say R is reference 
inuariant. 

It is interesting that when measurement is 
onto all real numbers or onto all the positive 
reals, then it can be shown that a numerical 
relation is reference invariant if and only if it is 
structure invariant. So nothing new has been 
added in these cases, although when measure- 
ment is not onto an open real interval, such as 
the positive reals, the two concepts may not 
agree. 

A natural auestion to raise is: what con- 
ditions must an empirical relation S satisfy in 
order that it map onto a reference-invariant 
numerical relation? One might first think that 
any relation defined in the empirical structure 
could arise, but that is not true. Only some rela- 
tions S can be said to be empirically meaningful. 
The answer is found by looking at the automor- 
phisms of the structure, and the requirement is 
that S map into itself under each automorphism. 
Such structure invariant relations (in the 
empirical structure) can be shown to correspond 
exactly to the numerical relations that are 
reference invariant. 

For measurement situations in which the 
empirical structures are so rich that the numeri- 
cal measurements are onto either the real num- 
bers or the positive real numbers, we accept 
these three equivalent concepts-structure 
invariance in the empirical structure, structure 
invariance in the numerical structure, and 
reference invarianceas a characterization of 
meaningfulness. (It is unclear which of the 
three, if any, is the correct definition when they 
do not agree.) These concepts of meaningfulness 
have evolved through the work of Adams, Fagot, 
and Robinson, 1965; Luce, 1978; Narens, 1981a, 
b, 1985; Pfanzagl, 1968; Suppes and Zinnes, 1963; 
as well as unpublished work. Much still remains 
to be done to explicate this concept fully. 

The remainder of the section outlines two 
applications of these ideas. One is very impor- 
tant in physics and potentially important in 

psychology; the other has been a source of con- 
troversy in psychology for several decades. 

Dimensional Invariance 
The scales of physics are all very neatly tied 
together, as is reflected in the pattern of their 
units. One can select a set of independent scales 
as basic--one common, but by no means unique, 
choice is mass, length, time, charge, and tem- 
pera tureand  the units of all other measures 
can be expressed as products of powers of these. 
If the corresponding units are gram, meter, 
second, coulomb, and kelvin, then that of energy 
is gm2/s2, of impedance is gm2/c2s, etc. This 
arises in part because many multiplicative con- 
joint structures exist that establish intimate 
connections between scales and in part because 
there is a simple compatibility between a num- 
ber of concatenation operations and the con- 
joint structures in situations in which those 
scales enter. For example, kinetic energy E, 
mass m and velocity u are related by 
E = (1/2)mu2. This complex of interrelated 
empirical structures can all be represented by a 
numerical structure called a multiplicative vec- 
tor space. Physicists have long asserted that the 
relations in the vector space that correspond to 
physical laws must satisfy invariance under cer- 
tain transformations of the vector space called 
similarities because they generalize the one- 
dimensional transformations of a ratio scale. 
This invariance property, known as dimensional 
inuariance, is a special case of the measurement- 
theoretic concept of meaningfulness, just defined 
(Luce, 1978). 

Dimensional invariance of physical laws was 
shown many years ago (Buckingham, 1914; 
Krantz et al., 1971, Theorem 10.4) to impose 
severe constraints on the numerical form of 
physical laws, and it leads to an analytical 
technique called dimensional analysis. Often 
one can arrive at the form of a physical law, 
sometimes determined completely except for a 
numerical constant, merely by knowing the 
relevant variables and without solving any of 
the basic equations for the dynamics involved. A 
good reference to the method and its applica- 
tions is Sedov (1959). So far no effective use has 
been made in psychology of dimensional methods, 
the reason being, in part at least, that no one has 
seen how to add any purely psychological vari- 
ables to the dimensional structure of physics. 
For more detailed discussions (see Krantz et al., 
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1971, vol. 1, chap. 10; vol. 3 (in preparation); 
Luce, 1978). 

Meaningfulness and Statistics 
The major impact of the measurement concept 
of meaningfulness in psychology has concerned 
statistics, and, unfortunately, a considerable 
amount of controversy and confusion about the 
matter has ensued. Ever since Stevens empha- 
sized the importance of scale type, it has been 
realized that the meaningfulness of any asser- 
tion involving a statistic, such as the mean, 
median, standard deviation, and so on, depends 
upon the scale type of the measurement. Con- 
sider, for example, the mean of k measurements 
x l ,  x,,  . . . , x k ,  namely, 

k 

and let u be another measurement. Then the 
equation ? = u is a relation that is reference 
invariant for both a ratio and an interval scale, 
but clearly not for an ordinal scale. Table 1.2 
summarizes a number of reference-invariant 
(i.e., meaningful) statements or propositions for 
different scale types when the measurement is 
onto either the reals or the positive reals, as is 
appropriate. In each case, one can verify the 
assertion simply by testing to see whether the 
statement satisfies numerical structure invari- 
ance. For example, the statement ? = y + u is 
meaningful for a ratio scale, since multiplying 
each of the values by a positive constant a 
results in the mathematically equivalent state- 

ment a? = ay + au. However, the same state- 
ment is not meaningful for an interval scale, 
since ? = y + u is not equivalent to (a? + 8) = 

( a j  + 8) + (au + 8). It should be noted that it is 
not the statisticper se that is or is not meaningful, 
but rather the proposition in which it appears. 

The problem is to pass from this table, which 
is not especially controversial, to statistical 
practice, which is. One extreme position is that, 
for example, one must never perform a t test, 
which involves the statistic Jk-l(? - u)/s,  
(see Table 1.2 for symbols), unless the observa- 
tions come from a ratio scale. The reason given 
is that this statistic is only invariant under ratio 
scale transformations. The opposite extreme 
view is that measurement considerations are 
totally irrelevant to any statistical inference 
which, after all, has to do with some property of 
a set of numbers and not where they came from. 
As is often the case when two contradictory 
statements are each based on somewhat plausi- 
ble arguments, neither is wholly right nor 
wholly wrong. Krantz et al. (in preparation) 
arguejn detail the following view of the matter. 

For any of this to make sense we must be 
working with an empirical situation that has 
both a measurement structure (including, at a 
minimum, an ordering) and a probability aspect. 
Viewed one way, the empirical structure is a 
qualitative measurement structure that admits 
some sort of numerical measurement represen- 
tation. Viewed another way, the empirical struc- 
ture is a population on which various numerical 
functions (called random variables) may be 

Table 1.2. Examples of meaningful propositions 

Sample statistic Formula Scale type Meaningful propositions 

Mean 

Median 

Geometric mean 

ratio E = u , f  = y + u  
interval 2 = u , ?  - u = y  - u 

that x, of x,, . . . , xzk+, ordinal x, is the median of x,, . . . , x,,,, 
such that x, < xj for 
exactly k i 's 

i, = exp [i i, log x i ]  log interval is = w, ig = T ~ ,  i gu  = ygv 

I uz 
Standard deviation 4 = [- 1 (x ,  - i)'] ratio S, = u 

k ; = I  interval S. = 7sv 

Coefficient of variation s,/E ratio S, - - - - 7  
x 
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defined, and the underlying probability struc- 
ture induces a probability distribution for each 
random variable. Both structures can exist, and 
they are in no way contradictory. Some of the 
random variables are also order preserving, but 
we may not assume that each order-preserving 
random variable forms a measurement repre- 
sentation. 

Often we are interested in random variables 
that are distributed in a particular way, the 
most common one being the Gaussian (often 
called the normal) distribution. There is 
absolutely no reason to expect that an order- 
preserving random variable with a particular 
distribution function, say, the Gaussian, is also 
a mapping that preserves the measurement 
aspects of the situation. Moreover, one must not 
be misled about this in the following deceptive 
situation. Suppose the measurement structure 
forms an interval scale, so that positive affine 
transformations take one measurement mapping 
into another. Note that the same affine trans- 
formations also take one Gaussian random vari- 
able into another Gaussian random variable. 
Nevertheless, we have no reason to expect any 
but a monotonic relation between a measure- 
ment mapping and a Gaussian random variable. 

An example may help. Physical time differ- 
ences, such as reaction times, form an extensive 
structure and so have a ratio scale representa- 
tion. Reaction times in a particular experiment 
have some (necessarily non-Gaussian) distribu- 
tion. It is quite conceivable, however, that some 
nonlinear, but monotonic, transformation of the 
reaction times may have a Gaussian distribu- 
tion, which of course is invariant under multi- 
plication by a positive constant. Those two ratio 
invariances in no way force the two scale* 
physical time and that transformation of it  that 
is Gaussian distributed in a particular reaction 
time experiment-to be linearly related. In 
general, one is at great risk in making, and 
under considerable obligation to defend, the 
assumption that the measurement mapping, 
which of course is a random variable, has a par- 
ticular distribution function, say the Gaussian. 

That being the case, i t  is essential to distin- 
guish clearly the two kinds of hypotheses that 
one can formulate. First there are propositions 
about the structure of the population itself, and 
for these to be meaningful they must exhibit 
measurement-theoretic reference invariance. 
And then there are those that make assertions 

about samples of observations that are reported 
in terms of a random variable whose distribu- 
tion is known or is assumed to be known. We 
call hypotheses of the first type population 
meaningful and those of the second type, distri- 
bution meaningful. 

Observe that since an order-preserving ran- 
dom variable whose distribution is specified 
does not, in general, coincide with any measure- 
ment representation (although they are mono- 
tonically related), a hypothesis that is popula- 
tion meaningful need not be distribution mean- 
ingful, and conversely. This means that if we are 
going to perform any statistical test concerning 
a population-meaningful hypothesis, it must be 
of a distribution-free (i.e., a nonparametric) 
character. In contrast, a distribution-meaning- 
ful hypothesis can (and should) be tested using 
the full strength of the distribution information. 
In practice, this applies to Gaussian methods 
and to those derived from the Gaussian, such as 
t tests, F tests, and the like. It becomes the 
responsibility of the scientist to formulate care- 
fully and explicitly the type of hypothesis under 
consideration, and then it will be transparently 
clear whether or not to use distribution or distri- 
bution-free methods. Roughly speaking, if the 
hypothesis concerns the structure of the under- 
lying population, use a distribution-free test; if 
it concerns a random variable of known distri- 
bution, use tests appropriate to that distribu- 
tion. In the example of reaction time, if the 
hypothesis is about some aspect of the measure- 
ment of time itself, use a distribution-free test; if 
it is about reaction times that are known to 
follow some law (e.g., a Wald distribution), then 
use that information to design a suitable test, 
often by transforming the random variable into 
one with a Gaussian distribution. 

SCALING 

Measurement theory, as just discussed, is con- 
cerned with properties (formulated as axioms in 
the mathematical model) of an empirical struc- 
ture that allow measurement scales to be con- 
structed. Scaling, on the other hand, is con- 
cerned with the process of assigning numbers to 
objects subject to certain structural constraints 
so as to reflect, as well as possible, the regulari- 
ties exhibited by a set of empirical observations. 
The structural constraints are imposed by the 
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particular class of models being applied to the 
data. In other words, the scaling problem is one 
of finding how best to recast a set of (usually 
fallible) data into a particular numerical repre- 
sentation within a chosen class of representa- 
tions. Although some scaling techniques have 
arisen hom axiomatic treatments of a measure- 
ment problem (see the earlier sections on 
proximity structures and scaling in extensive 
and conjoint measurement), for many scaling 
techniques the measurement problem either has 
not been solved or has been treated only incom- 
pletely. For this reason, we elect to discuss scal- 
ing as a separate topic, as is done generally in 
psychology. For example, the Annual Review of 
Psychology regularly surveys the field (Carroll 
& Arabie, 1980; Cliff, 1973; Ekman & Sjoberg, 
1965; Young, 19% Zinnes, 1969). A second reason 
for doing this is that, even for those cases in 
which the representation problem has been 
solved, actual data rarely satisfy the axioms 
exactly, presumably because of error or noise in 
the data. 

Types of Data and the Choice of Model 

Scaling techniques have been developed for 
several different types of data. As we noted 
earlier, two basic types are distinguished: domi- 
nance (or order) and proximity (or similarity). 
Dominance data establish an ordering on the set 
of objects, for example, when a subject orders 
pairs of objects or stimuli in terms of brightness, 
loudness, or preference. Proximity data arise 
when, instead, the relative closeness or simi- 
larity of pairs of objects is judged. Sometimes 
these judgments are obtained directly by asking 
the observer to give ratings of similarity, 
relatedness, dissimilarity, or distance; at other 
times, judgment is obtained indirectly by using 
either confusion errors in identification, the 
time it takes to discriminate between two alter- 
natives, or measures of co-occurrence or sub- 
stitutability. In addition to comparisons 
between elements of the same type, as in the 
above examples, there are also cases in which 
the data represent comparisons between ele- 
ments from different sets. Examples are: the 
likelihood that certain behaviors will be exhib- 
ited in different situations, the degree to which 
an individual endorses various attitude state- 
ments, and a person's scores on subtests within 
a test battery. A much more complete taxonomy 

of these data types is provided by Coombs (1964), 
Coombs, Dawes, and Tversky (1970), Shepard 
(1972), and Carroll and Arabie (1980). 

In recent years, the number of scaling models 
proposed, as well as the concurrent development 
of sophisticated computational methods for fit- 
ting the models to sets of observations (Carroll 
& Arabie, 1980), has increased rapidly. Two 
basic types of models can be distinguished: spa- 
tial and nonspatial. Spatial models assign to 
each object in the stimulus domain a point or 
vector in some dimensionally organized coor- 
dinate space, and interobject proximity is repre- 
sented either as interpoint distances or as 
angles between vectors. Nonspatial models, in 
contrast, represent proximity either by deter- 
mining clusters of stimuli, that is, partitions of 
the stimulus set, or by finding a best-fitting tree 
structure in which proximity is related to the 
maximum height in the tree of the path joining 
two objects or the length of the path joining two 
objects. In addition, hybrid models with both 
spatial and nonspatial components have been 
developed by Carroll (1976). 

Because, for many types of data, algorithms 
exist for fitting several different classes of 
models, an important task is how to delimit the 
situations in which one class of models, rather 
than another, is more appropriate. Although 
this problem of selecting the appropriate model 
is far from being resolved, various approaches 
have been suggested. One is to determine whether 
certain assumptions underlying the model in 
question are reasonably well supported by the 
set of data. Another is to compare some overall 
measure for closeness of fit when different 
models are subjected to the same data, or to 
determine whether certain distributional 
properties, such as skewness, entailed by the 
various classes of representations are matched 
by the distributional properties of the data (e.g., 
Pruzansky, Tversky & Carroll, 1982). A third 
approach considers the question of the inter- 
pretability of the obtained solutions when dif- 
ferent models are imposed, a judgment that is 
often difficult and rather subjective. Each of 
these approaches has some inherent difficulties, 
and the theoretical basis for selecting the class 
of model for a particular scaling application is 
currently less well developed than the computa- 
tional methods for obtaining a scaling solution, 
once the class of models has been chosen. In this 
review, we limit our attention to models and 
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methods that are currently considered the best 
established; more complete coverage is provided 
in the reviews by Carroll and Arabie (1980) and 
Young (1984). 

Dominance Data 

Methods Based on Numerical Data: 
Functional Measurement 
Functional measurement (Anderson, 1974a, b, 
1981, 1982, and numerous references in these 
articles and books) is in some ways similar to 
the feature-matching model of Tversky (1977) 
described earlier. Both approaches assume that 
the objects under study can be considered as 
collections of properties or features, and the 
number of properties need not be the same for all 
objects. In this respect, both approaches differ 
from conjoint measurement, which requires that 
the objects being compared exhibit a fixed fac- 
torial structure. Moreover, both the feature- 
matching model and functional measurement 
assume that values can be assigned to the fea- 
tures, which are then combined in some alge- 
braic way, often a weighted average. 

However, there are important differences 
between these two approaches. First, whereas 
the feature-matching model applies to similarity 
data, functional measurement applies to ratings 
of collections of attributes. In a typical experi- 
ment, the subject is presented with collections 
of attributes-for example, honesty, dependabil- 
ity, and introversion-and is asked to rate the 
collection of attributes according to some 
criterion, such as how likable a person is who 
exhibits them. A second difference is that the 
feature-matching model has been studied axio- 
matically, whereas work in functional measure- 
ment has not been directed at the question of 
observable properties needed for a representa- 
tion of the desired type to exist (see, however, 
Luce, 1981; McClelland, 1980). Instead, to the 
extent that the rating data can be fitted numeri- 
cally by the chosen type of representation, this 
is taken as simultaneous confirmation of both 
the form of the representation and the measure- 
ment assumptions that have been made about 
the response scale. This position has been 
strongly attacked by various authors, especially 
in a careful critique by Birnbaum (1982). Third 
and lastly, whereas methods have not been 
developed to estimate the feature values 
required by the feature-matching model, 

methods are available to accomplish this for a 
number of models that come under the classifi- 
cation of functional measurement. 

Of the different models considered in func- 
tional measurement, the three most prevalent 
are weighted averaging, adding, and multiply- 
ing. Adding, as in conjoint measurement, and 
averaging, as in computing a mean, are distinct 
models, although there are situations in which 
they cannot be distinguished. For example, if 
equal weights are used with averaging and the 
number of factors is fixed, there is no difference. 
If, however, either the weights are unequal or 
the number of factors vary, then the two models 
are distinct. For example, consider scale values 
that when added, yield 

but when they are averaged with equal weights 
the order is reversed since 613 = 2 < 512. 
(There has been a controversy over the exact 
conditions under which it  is possible to distin- 
guish the adding model from the unequal 
weight-averaging model in the two-factor case.) 

In either the averaging or adding case, the 
approach taken employs a factorial design: the 
subjects rate a number of situations that are 
described as combinations of levels of the 
various factors. Each situation can be rated a 
number of times, and since both adding and 
averaging models are additive in character, the 
statistical method of analysis of variance can be 
used to evaluate the fit of the model. In addition, 
graphical displays of the ratings as a function of 
the different, multiple factors, can be examined 
for characteristics that either support or reject 
the chosen type of representation. For example, 
if an averaging model holds and one manipu- 
lates two factors, then a plot of the mean ratings 
against one of the factors, with the other one 
treated as a parameter, yields a series of parallel 
curves, one for each value of the parameter, that 
can be superimposed by vertical shifts. This 
characteristic of averaging and adding models 
plays an important role in applications of func- 
tional measurement. If the model is rejected as a 
result of the analysis of variance or of using 
properties of the graphical displays, then two 
paths are available: either search for some non- 
linear transformation of the rating data that 
improves the fit of the representation, or 
attempt to fit a different kind of representation. 

The work in this area is extensive; not only 
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have many different models been considered - 
within this framework, but various kinds of con- A B C D  E F  G H  
text and position effects have been Figure 1.4. Hypothetical subjective spacing of the 
analyzed. For an overview of this work, see cups ofcoffee according to sweetness. 
Anderson (1970a, b, 1972, 1974a, b, 1976, 1981, 

(An of this method to subjects' preference ratings for the set of stimuli. 
psychophysical data is given later in this These are assumed to be generated as follows: 
chapter.) each subject has an ideal point along the subiec- 

Methods Based on Individual Differences: 
Unfolding 
Psychology is beset with individual differences, 
that is, different response patterns from dif- 
ferent individuals, and for the most part these 
Dose difficulties for measurement. Under some 
conditions, however, they can help to solve the 
problem of finding a numerical representation, a 
point emphasized by Coombs (1950, 1964). He 
developed a method, designed initially as a 
theory of preferential choice behavior, that 
makes use of individual differences to obtain a 
numerical scale for the set of objects under con- 
sideration. Although his method, called unfold- 
ing, has played little role in psychophysics, we 
describe it briefly since it bears on measurement 
more generally. This approach makes two 
assumptions. First, the stimuli are assumed to 
vary along a single dimension (although the 
multidimensional case has been developed and 
is discussed below). Second, all subjects are 
assumed to have the same psychological order on 
the set of stimuli. As an example, let the stimuli 
be cups of coffee ordered by the amount of sugar 
added, from none to fully saturated, in 25-mg 
steps, so that the set of physical stimuli can be 
represented as in Figure 1.3. Almost everyone 
will agree that they are ordered by increasing 
sweetness; for this judgment there are no indi- 
vidual differences. 

Suppose, further, that the subjective sensa- 
tion of sweetness grows more rapidly than the 
amount of sugar, so that the subjective repre- 
sentation appears as in Figure 1.4. Of course, we 
do not start out knowing the subjective repre- 
sentation; its discovery is one objective of the 
unfolding technique. This is done by using the 

Sugar (mgram) A B C D E F G H  
I I I I I I 

0 25 50 75 100 125 150 Max 

Figure 1.3. Stimuli defined in terms of the number of 
milligrams of sugar in a cup of coffee. 

tive representation-that subject's ideal con- 
centration of sugar-such that the closer a stim- 
ulus is to the ideal point, the more it is preferred. 
Clearly, subjects' preference orders are not all 
the same. At one extreme is the person who likes 
unsweetened coffee and whose preference order, 
therefore, is the inverse of the sweetness order. 
For others the ideal level lies somewhere in 
between. Consider a person with the ideal point 
at F, so whose preferences are therefore ordered 
as the distance along the representation folded 
around the ideal point F as in Figure 1.5. Col- 
lapsing these points onto one line, we see that, 
for this individual, the resulting preference 
o r d e r i s F > E > G > D > H > C > B > A .  
If all subjects have a common subjective repre- 
sentation, and if it is related to the preference 
orderings by folding around different ideal 
points, then only certain patterns of preferences 
can arise. To the extent that this is true, it is 
possible in principle to find the common subjec- 
tive representation. The problem, which is math- 
ematically quite complicated, can be solved in 
specific cases using computer programs devel- 
oped for this purpose. 

The method has also been extended to the 
multidimensional case (Bennett & Hays, 1960). 
As in the one-dimensional model, the basic data 
are the preference orderings of individuals for a 
set of entities. The solution consists of two sets 
of points in a multidimensional metric space 
(see section on Multidimensional Scaling); one 
set of points corresponding to the objects, and 

Figure 1.5. The subjective scale is folded about the 
"ideal" sweetness located a t  stimulus F. The 
preference order for a person for whom F is the ideal 
sweetness is read off by the order of stimuli from F to 
the right. 
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the other to the subjects' ideal points. Prefer- 
ences for each person are ordered by the dis- 
tance between objects and that person's ideal 
point, with shorter distances corresponding to 
more preferred objects. A somewhat more 
general model is one in which individuals are 
permitted to have different weights for the 
several dimensions of the space, as in indi- 
vidual-differences multidimensional scaling, to 
be described later. In an alternative formula- 
tion, individuals are represented as vectors, 
rather than as points, in the multidimensional 
space, such that preferences are related to the 
order in which the stimulus points project onto 
the subject's vector. (See Carroll, 1972,1980, and 
below, vol. 2, chap. 12, for a more complete dis- 
cussion of these different model for individual 
differences in preference data.) 

Probabilistic Data 

Most of the measurement ideas discussed earlier 
either arose from or are closely parallel to prob- 
lems in physics. For example, the concept of 
dimension, the development of measuring tech- 
niques and instruments, and the discovery of 
laws describing how observable quantities are 
related to each other are all problems of physics 
that reappear in many other sciences. But the 
sciences differ on questions about variability or 
inconsistency of measurement. Variability that 
is large in proportion to magnitude is exceed- 
ingly common in the social and behavioral 
sciences and, though rare in fundamental phys- 
ics, it occurs in others of the complex "hard" 
sciences such as biology and geology. 

For the most part, the variability that 
appears in physical measurement is attributed 
either to inaccuracy in the measuring instru- 
ment or to uncontrolled variability in the 
experimental treatment of the system under 
study. In these instances one attempts to elimi- 
nate the variability in order to arrive at laws 
that are free from error, and with advancing 
knowledge these attempts have often been suc- 
cessful in physics and chemistry. In parts of 
geology and biology variability appears to be 
inherent to the objects of study, not just to their 
preparation and observation, in which case the 
problem is identical to that encountered in the 
social and behavioral sciences: how to develop 
useful generalizations in the face of gross, irre- 
ducible variability? 

Two major approaches to the problem are 
available. The one treats it as a nuisance to be 
dealt with by statistical methods. The focus is on 
ways to extract from a set of observations a few 
statistics that are representative of the entire 
population. For example, measures of central 
tendency-mean, mode, or median-are often 
accepted as representative values, and they are 
incorporated into algebraic measurement and 
substantive models. Variability in this approach 
is reduced simply by increasing sample size. This 
is the path taken by the vast majority of statisti- 
cal methods used in the social sciences, and it is 
also widely used in the physical sciences. 

The other approach treats variability not as 
a nuisance, but as an important and interesting 
element of the empirical problem. The issue then 
becomes one of trying to explain it, to predict it, 
and to develop measurement models consistent 
with it. These models are the topic of this sec- 
tion. Two quite different types of models have 
been proposed, whose origins are often attri- 
buted to Thurstone (1927) and Luce (1959), 
although both authors make clear that their 
formulations arose from earlier work. Even 
though these two systems begin with rather dif- 
ferent intuitions about the psychological mech- 
anisms involved and use somewhat different 
mathematical concepts, they often arrive at simi- 
lar predictions, making it difficult to decide 
clearly in favor of one. Each system provides a 
method for scaling stimuli on a single dimen- 
sion, and each provides an account of the 
observed variability in responses. Moreover, the 
important point is that each is applicable to a 
wide variety of psychological problems, ranging 
from psychophysical studies of stimuli with pre- 
cisely measurable physical characteristics to 
choice data about objects so complex or abstract 
that no precise physical description of them is 
really possible. 

Random Variable Models 
Thurstone took the observed variability a t  face 
value: he assumed that the impact of a stimulus 
-virtually any ~~~~~~~~~n a person differs on 
different occasions. By that he meant that the 
internal representation of the stimulus in the 
mind (or nervous system) is not always the same. 
For the perception of a brief light flash, there 
are enough sources of variability in the trans- 
duction, transmission, and processing of the 
stimulus that it is impossible to deny variability 
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in the representation. W i t h  more complex stim- 
uli, the reasons appear to  be different. Consider 
choosing between two novels to  buy for a friend. 
At one instant you think one is better, but later 
you alter your view, possibly reflecting a change 
in emphasis on  the  several characteristics o f  the 
novels. In both cases, however, the model 
assumes that the momentary reaction to  a stim- 
ulus can be represented as a single point along 
a numerical representation o f  the relevant 
choice attribute. That point is determined by 
some unknown "discriminal process" whereby 
". . . the organism identifies, distinguishes, dis- 
criminates, or reacts to  stimuli" (Thurstone, 
1927). Repeated presentations o f  the stimulus 
yield a distribution o f  values, which he called 
the discriminal dispersion. For the most part, 
this terminology has been replaced by the  lan- 
guage of  probability theory, which we now 
present. 

The set o f  possible distinct outcomes under 
consideration-for example, the various inter- 
nal states that can arise from a s t i m u l u k i s  
called the sample space. The elements o f  this set, 
which are mutually exclusive and exhaustive, 
are called sample points. Any numerical func- 
tion X that assigns t o  each sample point s a 
number X(s) is called a random variable. Such 
an assignment o f  numbers may be quite arbi- 
trary-for example, the  number 0 when a coin 
comes up heads and 1 when i t  comes up tails 
+r i t  may have a quite natural meaning-for 
example, the time in  milliseconds it takes a per- 
son to  make a detection response. In the present 
context we are thinking o f  a hypothetic numeri- 
cal representation o f  the internal state. W e  
often distinguish between those random vari- 
ables that are discrete, in  the sense that their 
values can be mapped onto a subset o f  the 
integers, as in  the coin example, and those that 
are continuous, in  the sense that they assume 
values on a real interval (continuum) as in  the  
reaction time example. 

Associated to  each random variable is a 
measure o f  how i t  varies from occurrence to  
occurrence. For a random variable X and for 
each real number x, let Fx(x) denote the proba- 
bility that the observed value o f  X is x or less; 
the function Fx is called the (cumulative) distri- 
bution function o f  X. When  there is no ambigu- 
ity, we suppress the name X and simply write F 
for the distribution function. For a discrete ran- 
dom variable with possible values x, i x2 i 

Figure 1.6. The relation between a (cumulative) dis- 
tribution function and the corresponding probability 
density function. 

. . . xi i . . . , we can assign a probability value 
f i  t o  each xi ,  i n  which case F(x )  is just the  sum 
o f  all the  f i  for which xi < x. For a continuous 
random variable we can sometimes work i n  an 
analogous way, that is, we can assign a value 
f(x) to  each possible value x so that F(x )  is the  
sum (technically, the  integral) o f  all the  f ( y )  for 
which y I x. The function f (which, i f  i t  exists, 
and we will assume that it does, is the  derivative 
o f  F )  is called the probability density function. 
Figure 1.6 shows graphically one example o f  the  
relation between F and f. 

Often a density function tells us more than 
we care to  deal with, in  which case we attempt 
to  collapse it so as to  retain only the  information 
that concerns us. Such summary quantities are 
called statistics. Perhaps the  most important 
statistics are the  mean-sometimes called the  
first moment-which is a measure o f  central 
tendency, and the  standard deviation or its 
square, the  variance or second moment about 
the mean, which is a measure o f  dispersion or 
variability. For discrete distributions, they are 
defined by: 

and for continuous distributions by: 

m 

r = j - m x f ( x ) d x  

and 
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One of the most important distributions to 
arise in probability theory is the so-called 
Gaussian or normal, whose density function is: 

It can be shown that its mean is p and variance 
is a2. The density function has the familiar bell 
shape shown a t  the top of Figure 1.6. With the 
mean set at 0 and variance at 1, it is then called 
the standard Gaussian distribution, and tables 
of its probability density and cumulative distri- 
bution functions are readily available. 

Given these concepts, we can now describe 
Thurstone's model. The internal representation 
of a stimulus is assumed to be a random variable 
which in Thurstone's original paper was assumed 
to be Gaussian distributed, although later 
authors have considered other possible distribu- 
tions. If they are Gaussian, then the problem of 
describing the internal representations of dif- 
ferent stimuli is reduced to knowing for each 
stimulus its mean and variance. and the correla- 
tions between the random variables. 

To see how this model might be applied, sup- 
pose that on each trial an observer sees two brief 
flashes of light and the task is to say which 
seemed brighter. Let the two internal repre- 
sentations be the random variables Xl and X,, 
where the one with larger mean (p ,  or p,) corre- 
sponds to the more intense flash; however, it is 
the one with the larger observed value that 
appears brighter at any given presentation. The 
model says that the subject will report the first 
stimulus as brighter when Xl > X, and the 
second when X, > X,. If the difference in the 
means is small relative to the variability, for 
example, pl - p, < (1/4)(af + then on 
some proportion of the trials the sign of Xl - X, 
will not agree with the sign of p, - p,, in which 
case the response will be incorrect. In fact, if Xl 
and X,  are both Gaussian distributed and have a 
correlation of p,, then it can be shown that 
Xl - X, will also be Gaussian distributed, that 
its mean is pl - and that its variance is 
a: + 022 - 2p,,ala,, which we call a'. Assuming 
that p, > p,, the probability of a correct 
response is the probability that X, - Xl > 0; 
this is equivalent to the probability that a stan- 
dard Gaussian random variable has a value in 
excess of (p,  - pl)/a. This line of reasoning will 
be pursued further in the section on Psycho- 

physics, where we will see that, though in prin- 
ciple it is possible to perform experiments to 
check the assumption of Gaussian distributions, 
in practice it is quite difficult to make the experi- 
ments adequately sensitive to small deviations 
from the Gaussian distribution. 

In actual applications of the model, we 
almost never have direct access to the par- 
ameters-mean, variance, and c o r r e l a t i o n ~ f  
the probability distributions. Rather, the pro- 
cess is one of working backwards from the 
observed choice probabilities to the parameters 
of the model. For simplicity, it has often been 
assumed that the random variables are uncor- 
related and that they have equal variances 
(Thurstone's Case 5), and so the means are the 
only parameters of interest. Note that the means 
form a measure of the stimuli, and the common 
variance constitutes a unit of measurement. 
With the computer algorithms now available it 
is unnecessary to make special assumptions, 
and nonconstant variance models are frequently 
fitted to data. 

The model generalizes in a natural way to 
choices from more than two possibilities. Sup- 
pose n stimuli are presented and that they have 
internal representations X I ,  X,, . . . , X,, then 
the identification of the "largest" stimulus 
entails selecting the one with the largest 
observed value. The mathematics of this n-alter- 
native choice model can be worked out in detail 
when it is assumed that the representations are 
independent of each other. 

Strength-of-Alternative Models 
We turn now to the second approach to the 
problem of modeling variability in responses. 
Since these models were developed to explain 
general choice behavior, including preferences, 
psychophysical judgments, and learning, we 
adopt that general terminology. The approach 
assumes that the choice alternatives are repre- 
sented internally not as random variables, but 
as unique numbers that characterize the rela- 
tive strengths of the alternatives. Economists 
and statisticians refer to these as constant util- 
ity models in contrast to the random utility 
models discussed previously. In the strength 
models, variability arises in the overt responses 
not because the psychological representation of 
the stimulus is variable but because the choice 
process among the representations is itself 
inherently variable. Thus the two models are 
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conceptually quite distinct, but in important 
special cases they are closely related, as we 
shall see. 

A particular strength-of-alternative model 
involving only pairs of alternatives was pos- 
tulated by Bradley and Terry (1952); Luce (1959) 
generalized it to choices among finite sets of 
alternatives, and, more important, he provided 
an axiomatic treatment of it. At the cornerstone 
of this development is a postulate, sometimes 
called the "choice axiom" (not to be confused 
with the important "axiom of choice" in mathe- 
matics), which can be formulated in two parts. 
The first, more substantive condition, states 
that choices from subsets behave like conditional 
probabilities in the larger set. Specifically, sup- 
pose a is an alternative in a set A of alternatives 
which in turn is a subset of S. Denote by Ps(a) 
the probability of selecting a when S is the 
choice set, by PA (a)  the same probability when A 
is the choice set, and by Ps(A)  the sum of all 
Ps(b) where b ranges over A.  The assumption is 
that if all of these probabilities differ from 0 and 
1, they are related by 

The second part deals with probabilities of 0 and 
1. Suppose a and b are two elements of S and 
that, when a choice is offered between just a and 
b, a is never selected. Then it is assumed that a 
may be deleted from S without altering in any 
way the probabilities of choosing from S. Both 
of these conditions are, in principle, empirically 
testable. 

A number of consequences follow from these 
simple assumptions. The first and most useful is 
that there is a ratio scale v over all the alter- 
natives such that if PA(a) # 0 or 1, 

b i n  A 

Put another way, there are strengths associated 
with the alternatives, and probabilities of 
choice are given by these strengths normalized 
by the total amount of strength of the alter- 
natives under consideration. A second conse- 
quence, which follows readily from the first, is 
known as the constant ratio rule: the ratio 
P,(a)/P,(b) has the same value for every choice 
set A that includes both a and b. A third conse- 
quence holds only among the binary probabili- 
ties. Writing P(a, b)  for P(,,,, (a) ,  the product 

rule asserts 

P(a, b) P(b, c) P(c, a)  = P(a, c) P(c, b)  P(b,  a) .  

A fourth consequence, also limited to binary 
probabilities, is strong stochastic transitivity: If 
P(a, b) 2 112 and P(b,  c)  2 112, then P(a, c )  2 
P(a, b)  and P(a, c )  2 P(b,  c). 

It should be realized that this model is a spe- 
cial example of a constant utility model. The 
general form continues to assume a scale v 
defined over the alternatives and that PA(a) is 
some function of all v(b) where b ranges over the 
set a. The choice model just given entails a 
special function of the us. For example, in the 
binary case the general model is of the form 

where G is a function that is increasing in the 
first variable and decreasing in the second one 
and G(x,  x) = 112. Krantz (1964) has shown that 
this binary form is equivalent to the observable 
property of satisfying strong stochastic tran- 
sitivity. Falmagne (1985), in an important 
theoretical book, has studied how various 
properties of P limit the form of G. 

There is a close relation between Luce's 
model and Case 5 of Thurstone. If we define 
u(a) = In v(a), then the binary probabilities can 
be written 

This is called the logistic distribution, and is 
known to be similar to the Gaussian distribu- 
tion. The question has been raised: is the choice 
model in general an example of a Thurstone 
model? Block and Marschak (1960) have shown 
that it is. More recently, McFadden (1974) and 
Yellott (1977) have shown that if one restricts . . 
oneself to distributions that, apart from their 
means, are identical (a shift family), and if there 
are at least three alternatives, then a necessary 
and sufficient condition for an independent ran- 
dom variable model to have the same probabili- 
ties as a choice model is that the random vari- 
ables have the double exponential distribution 

which in fact is quite close to the Gaussian 
distribution function except in the tails. This 
distribution is important in statistics in connec- 
tion with the problem of the distribution of the 
largest of a very large number of independent, 
identically distributed random variables. Yellott 
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(1977) stated some plausible conditions on choices 
that give rise to this distribution. 

Several empirical studies have attempted to 
evaluate one or another property of the choice 
model. The earlier studies were summarized by 
Luce (1977). As a generalization, the choice 
model holds up fairly well when the choice set is 
a highly heterogeneous collection of alter- 
natives, but it fails when the set has some nat- 
ural structure. Indeed, the failure appears to be 
a characteristic of all strength-of-alternative 
models. The type of structure that presents prob- 
lems is one in which the set of alternatives 
breaks into subgroups that share certain fea- 
tures or properties. An example, given by Deb- 
reu (1960b), illustrates the problem. Suppose you 
are indifferent between two quite distinct alter- 
natives, a and b, so that P(a, b) = 112. Let a 
third alternative c be added that is almost identi- 
cal to a, for example, a second copy of a phono- 
graph record. One would expect that c could be 
substituted for a, yielding P(c, b) = 112. Thus 
v(a) = v(b) = v(c). And so if all three are 
presented, any strength model predicts that the 
probability of choosing b is 113, which is con- 
trary to intuition which says that b will con- 
tinue to be selected with probability 112 and a 
and c jointly will be chosen with probability 112. 
Perhaps the best known experimental demon- 
stration of this problem was presented by 
Rumelhart and Greeno (1971). They asked sub- 
jects which one person they would most like to 
spend an hour with out of nine celebrities, 
including three athletes, three movie stars, and 
three politicians. They found that the observed 
choice probabilites strongly violated the model 
given above. 

Strength-of-Aspects Models 
It seems clear from both the examples and data 
that an adequate choice model must take into 
account the similarities among the alternatives. 
The first to recognize this and to suggest a solu- 
tion to the problem was Restle (1961). His model, 
which is for the binary case, assumes that each 
alternative is described by a collection of fea- 
tures or aspects, each of which has associated 
with it a numerical value. When a choice is 
being made, it is assumed that those aspects that 
are common to the alternatives are ignored as 
irrelevant and the choice is based on applying 
the Luce choice model to the values of the 
aspects possessed by one but not both of the 

alternatives. Rumelhart and Greeno (1971) 
found that this model gave a much improved 
account of their data. 

Tversky (1972) extended Restle's model to the 
general case, which he called the elimination- 
by-aspects approach. As in Restle's formulation, 
each alternative consists of a collection of 
aspects, and a numerical measure is assumed to 
exist over the aspects. At each step of the deci- 
sion process an aspect is selected from all those 
alternatives still available, where the probabil- 
ity of selection is computed from the numerical 
values by Luce's model. All alternatives not 
possessing this aspect are then eliminated from 
further consideration. This process of eliminat- 
ing alternatives continues until only one alter- 
native remains, and that is the choice. This 
model includes as special cases both Restle's (by 
restricting it to the binary case) and Luce's (by 
assuming that any aspect shared by any two 
alternatives is shared by all). The difficulty with 
this model is that, if there are n alternatives, 
then a very large number, 2" - 2, of parameters 
must be estimated. 

To alleviate that problem Tversky and Sattath 
(1979) proposed a restricted, but plausible ver- 
sion of the model which reduces the number of 
parameters to 2n - 2. This model represents the 
alternatives and their aspects as related by a 
treelike stnlct,ure. and was dubbed the elimina- 
tion-by-tree model. In the tree, each terminal 
node is associated with a single alternative, and 
each link of the tree is associated with the set of 
aspects that is shared by all the alternatives 
that include that link, but is not possessed by 
any of the other alternatives. The process of 
elimination involves selecting at each stage a 
link from the tree with a probability that is 
proportional to its length, which is a parameter 
of the model. All alternatives that do not include 
that link are thereby eliminated. The process 
continues until all alternatives are eliminated 
but one. They have shown that this model is 
equivalent to one in which it is assumed that the 
examination of aspects follows a strict hier- 
archical order. This model is still quite general, 
but it has a reasonable number of parameters. 

It should be noted that this last class of 
models deviates rather markedly from the meas- 
urement models with which we began, which 
associated a single number with each alter- 
native. At present it is not clear how, within the 
measurement framework, to deal with the 
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phenomenon of choice among a set of alter- grams for all the methods we shall describe. This 
natives that has a similarity structure. has meant that attention can be refocused on 

the conceptual and theoretical issues involved, 
Proximity Data not on tricks to simplify the computations. 

The scaling methods just discussed all rest on 
the idea that a single numerical value is asso- 
ciated with each stimulus, even though in some 
cases (conjoint and functional measurement) 
the stimuli themselves have several com- 
ponents. We turn next to several methods that 
ask whether data about stimuli, whose psycho- 
logical organization may or may not be under- 
stood, can be represented by various classes of 
more complex spatial and nonspatial models. 
The representation, which as before is inferred 
from relational data about the stimuli, is no 
longer in terms of points on a line, but is some- 
thing far more deeply geometric in character. 
Perhaps the best understood psychological 
example of such an inference arises in color 
vision. Here the physical stimuli have infinitely 
many dimensions because they are energy distri- 
butions over an infinity of wave lengths-and 
the data are judgments about whether two dif- 
ferent energy distributions are seen as being the 
same color, that is, whether they are metameric 
matches. The result, which is by no means 
obvious, is that, in terms of color distinctions, 
the stimuli lie in only a three-dimensional space. 
For people who are color blind, the number of 
dimensions is reduced to two or, rarely, to one. 
To see that this reduction to three dimensions is 
not obvious, consider auditory energy distribu- 
tions over frequency, again an infinite-dimen- 
sional stimulus space. No one has ever dis- 
covered the auditory analogue of a metameric 
match: namely, two quite different acoustic 
energy distributions that sound exactly the 
same. 

The color example is misleading in the sense 
that this is an area with a well-developed theory. 
It is far more common, in practice, for the 
following methods to be used in an exploratory 
fashion, by seeking to uncover the structure of 
the psychological representation in uncharted 
areas. As such, the models make weak assump- 
tions about the way in which the stimuli are 
organized. Some models assume a spatial struc- 
ture; others postulate a set of clusters or a tree 
structure. Some years ago the methods entailed 
heroic computational efforts, but now almost 

Vectors and Euclidean Representations 
The first multidimensional spaces to be con- 
sidered by psychologists were the vector spaces 
that had originated in physics. Physicists, in 
their search for laws to describe the motion of 
material bodies, had become concerned with 
such concepts as velocity, acceleration, and 
force. For these quantities, it is not sufficient to 
specify their magnitudes; one must specify their 
directions as well. A force that acts in one direc- 
tion definitely does not have the same effect as 
a force of equal magnitude in a different direc- 
tion. Thus the real number system, while suf- 
ficient to specify magnitudes, had to be 
generalized in some way to specify direction 
also. 

Such a generalized quantity is called a vector. 
A three-dimensional one, such as an ordinary 
force, can be specified as a triple of numbers (x,, 
x,, x,), where each component x, specifies the 
magnitude of the force acting in each of three 
orthogonal directions which we identify by the 
indices 1, 2, and 3. The ratios of the component 
forces, such as x,/x,, specify the direction of the 
force, and its overall magnitude is given by 
(x: + xi + TO illustrate the usefulness of 
this notational system, consider the problem of 
describing the net effect of two different forces 
acting on a single point: 3 = (x,, x,, x,) and 
j, = (y,, y,, y,). Their sum is defined to be 

Clearly this concept of a sum can be extended to 
any finite number of three-dimensional vectors. 
Also the concept of a vector can be extended to 
any finite dimensionality, not just to three. 

Several points are worth commenting on. 
First, in defining the sum of two vectors, they 
must have the same dimensionality. Second, 
many different vector pairs can give rise to the 
same vector sum, just as a real number can be 
viewed as the sum of infinitely many pairs of 
real numbers. Third, the underlying coordinate 
system has no unique status: the axes may be 
rotated in any way so long as they remain ortho- 
gonal to each other, and vector addition is 
equally valid in the new system of axes. 

any scientist has easy access to standard pro- A second operation, called scalar multiplica- 
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tion, is defined as follows: let 32 be a vector and 
c a number, then 

For example, doubling the magnitude of a force 
while maintaining its direction is done by scalar 
multiplication with c = 2. (There are other 
multiplicative operations defined for vectors, in 
particular, dot and cross products, but they do 
not concern us here.) 

The example of force is used not only because 
it is familiar, but also because it is closely analo- 
gous to color perception (Krantz, 1974). There is, 
of course, the superficial similarity that both 
domains are three dimensional. For color, this 
appears as the familiar trichromacy principle: 
any color can be matched either by some mix of 
three primary colors, or by adding in an appro- 
priate amount one of the primaries to the given 
color and matching that by a mix of the other 
two primaries. In other words, every color has a 
natural representation as a three-dimensional 
vector composed of the amounts of the primaries 
needed to match it. Also, as in the force example, 
the choice of the axes (in this case, primaries) is 
highly arbitrary. The restriction on the choice 
of primaries is that no mixture of two match the 
third. 

More important than the three dimensional- 
ity of the color example is the fact that vector 
addition has a natural interpretation in color 
mixing. If two light sources are mixed together, 
the resulting color matches the color that is 
produced by adding together the components of 
the three-dimensional vectors that represent the 
two lights. This rule of color mixing, called 
Grassman's law of addition, holds extremely 
well over a large range, and it maps directly 
onto the physiological mechanisms for color 
coding. Of course, many different sets of colors 
can add to produce the same color, just as many 
distinct sets of forces can sum to the same resul- 
tant. Finally, scalar multiplication in color vec- 
tors simply means an overall change in the 
energy of each of the components. 

In what follows we shall need vectors in n 
dimensions, 2 = (x,, x,, . . . , x,) and we shall 
also need the concept of vector difference: 

Note that the magnitude of 32 - 4 is: 

[(XI - y1S2 + (22 - ~ 2 ) ~  + . . . + (x, - y,)2]1'2. 

Factor Analysis 
The technique of factor analysis, the first exam- 
ple of multidimensional scaling to arise in 
psychology, originated in an attempt to uncover 
the component factors in tests of intelligence. It 
was stated in special cases by Spearman (1904) 
and was put in modern form by Thurstone (1947); 
recent texts are by Harman (1976) and Cattell 
(1978). Although the method has been and still is 
widely used in psychology and other fields, such 
as sociology, it has not been extensively applied 
by psychophysicists. For this reason and 
because of certain limitations to be noted later, 
we discuss it only briefly. 

Exploratory factor analysis attempts to 
reduce a set of variables to a smaller number of 
hypothetical variables, called factors. The basic 
data are the values for each of the variables 
under consideration-for example, performance 
on a set of test items or ratings of a group of 
objects-that are provided by a number of indi- 
vidual respondents. The profiles of values are 
then intercorrelated over the individuals to give 
a derived measure of similarity between each 
pair of variables. It is implicit in calculating a 
correlation that the values are each measured 
on an interval scale, because on any weaker 
scale the correlation coefficient is not invariant 
(meaningful). It is these derived similarity meas- 
ures, the correlations, that are the input to fac- 
tor analysis. This fact is an important limita- 
tion of the method when it is compared with 
other methods described later. 

The method of factor analysis then poses the 
question: when we treat the cosine of the angle 
between two vectors as the correlation between 
them, what is the smallest vector space in which 
we can embed a set of hypothetical vectors, one 
for each variable, so as to recover all the 
observed correlations up to some degree of 
approximation. Slightly more generally, let the 
variable represent, for example, performance 
on a test. This variable is assumed to be com- 
posed of a unique component 0 and weightings 
c,, c,, . . . , ck on the several distinct factors. 
These factors can be represented as unit vectors 
-1 in the ith coordinate and 0 on all other 
coordinates-that are mutually orthogonal; call 
them PI;;, p2, . . . , pk. Thus, 

If the unique term is ignored, then, because the 
pi are unit vectors, we see that R = 
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(c,, c,, . . . , c,). The method attempts to recover 
these vectors. 

It should be noted that the coordinates repre- 
sent just one orthogonal basis for the vector 
space. Other, equally good ones can be obtained 
by rotations which will, of course, systematic- 
ally change the numerical representations of 
the vectors. And if one chooses there is the 
possibility of using nonorthogonal factors. 
There are subtle questions about how to select 
from the infinity of possibilities one system of 
factors that has special meaning. Usually this is 
done by developing an interpretation for one set 
of factors, paying special attention to those 
variables that have particularly heavy factor 
loadings on just one of the factors. In this con- 
nection, it should be noted that implicit in the 
method is the assumption of a causal relation- 
ship between the common factors and the 
observed correlations; this is plausible in some 
settings and not in others. In any event, the 
method itself is unable to assess whether fac- 
torial causation is reasonable in any particular 
context; it must be argued from substantive 
knowledge of the area under investigation. 

The few attempts to employ factor analysis in 
psychophysics have for the most part been 
deemed failures. For example, applied to color 
perception (Ekman, 1954), factor analysis 
resulted in five factors, which exceeds the three 
known to be correct. The problem is that, even 
if the assumption is wrong that variables can be 
represented as the sum of weighted factors, the 
model can always accommodate the data by 
introducing a sufficiently large number of fac- 
tors. If one already knows the answer, it is easy 
to tell when the analysis leads to too many fac- 
tors; if one does not, a considerable element of 
judgment enters into accepting or rejecting the 
fit of the model to the data. A related problem 
with the method is that the solution obtained is 
in the form of a matrix of factor weights which, 
especially when the number of factors is large, is 
often not readily interpretable. 

Properties of Distance 
Correlation is only one measure of similarity, 
and in some contexts not a very natural one. 
Similarity can be measured directly, as when a 
subject rates how similar two stimuli are, or 
indirectly, as when we observe probabilities of 
confusion between pairs of stimuli. For those 
measures of similarity it was unclear how to use 

factor analysis since the measures did not have 
any natural interpretation as the angle between 
vectors. This led to the proposal that similarity 
could be thought of as inversely related to the 
distance between points in a metric space where 
the points corresponded to the stimuli. In the 
first stages of the development of this method 
(Torgerson, 1958), it was postulated that dis- 
tance in a metric space is strictly proportional 
to the inverse of the similarity measure being 
used. More recently, so-called nonmetric methods 
(Kruskal, 1964a, b; Shepard, 1962) assume only 
that distance decreases with increases in simi- 
larity, and the exact form of the function is left 
to be determined by the data. 

If 3 and j are two vectors-each of dimension 
n-the distance between them is defined as the 
magnitude of 3 - 9, that is, 

Mathematicians have noted that this measure 
exhibits three crucial properties that they have 
come to accept as characterizing anything one 
would ever want to call a distance; they are 
known as the metric axioms: 

(i) d(3, j )  2 0 and d(3, j )  = 0 if and only 
if 3 = j, 

(ii) d(3, j )  = d ( j ,  i ) ,  
(iii) d(5, 2) 5 d(2, j )  + d( 9, 2). 

The first says that distance is a nonnegative 
quantity that assumes the value 0 only when the 
vectors are identical. The second says distance 
is a symmetric concept. And the third is the 
famous triangle inequality, so called because 
the tips of the three vectors potentially define a 
triangle whose sides are the three distances in 
question. 

Obviously, similarity data can be represented 
by distances only to the extent that analogous 
constraints hold in the data. There is usually no 
difficulty with property (i). There is more often 
difficulty with (ii). For example, in a confusion 
matrix, the probability of confusing stimulus a 
with stimulus b is frequently different from that 
of confusing b with a. In such cases, symmetry is 
generally artificially imposed, for example, by 
using the average of the two estimated proba- 
bilities. Property (iii), the triangle inequality, is 
somewhat more difficult to state for similarities, 
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especially when it is related nonlinearly to dis- 
tances. However, qualitatively, it entails the 
following: if each of two objects is quite similar 
to a third, then the two must be at least 
moderately similar to each other. Tversky (1977; 
Tversky & Gati, 1982) has noted a number of 
cases in which the metric axioms are systematic- 
ally violated and has argued against the applica- 
tion of multidimensional models (see Krum- 
hansl, 1978, for further discussion). In many 
cases, however, the assumptions of spatial 
models are reasonably well supported. 

Nonmetric Multidimensional Procedures 
The term nonmetric is somewhat misleading in 
this context. It refers to the fact that only ordi- 
nal properties of the data are employed; it does 
not mean that the representation achieved is 
nonmetric since, in fact, all the representations 
we shall discuss are in metric spaces. What is 
important, however, is that, in finding the 
metric representation, only the relative order- 
ing of the similarity values is used, not their 
differences or ratios or any numerical property 
other than order. In other words, multidimen- 
sional scaling solutions are invariant under 
monotonic increasing transformations of the 
data. So one attractive aspect of the method is 
the exceedingly weak assumption made about 
the nature of the measurement scale. 

On first hearing about this, it seems quite 
surprising that the solution can possibly have 
metric properties. However, when the number of 
objects being scaled is large relative to the num- 
ber of dimensions of the metric space, all the 
interobject similarity orderings actually place 
much more rigid constraints on the possible con- 
figurations than most people would anticipate. 
This statement follows more Gom computational 
experience than from detailed mathematical 
understanding. 

Although there are a number of methods (see 
Carroll & Arabie, 1980 and Young, 1984, for 
reviews), we will concentrate on the one that is 
both the most general and the most commonly 
used. These nonmetric methods arrive at a final 
spatial configuration and a nonlinear mapping 
of similarity into distance through a series of 
successive approximations. At each step of the 
iteration, the interpoint distances in the current 
configuration are compared to the interobject 
similarity data. A measure called "stress" is 
computed of the extent to which the distances 

fail to be ordered inversely to the similarities, 
and at the next stage the points are moved so as 
to reduce the stress value and, hence, the num- 
ber and magnitude of the discrepancies. The 
iterations are continued until changes in stress 
become negligible. 

As an example, consider the application of 
multidimensional scaling (Shepard, 1962) to 
Ekman's (1954) color data. In the original study, 
Ekman asked observers to rate the "qualitative 
similarity" of pairs of colors drawn from a set of 
fourteen colors ranging from 434 nm to 674 nm. 
The two-dimensional scaling solution obtained 
by Shepard is shown in Figure 1.7. This entails 
a reduction of the data matrix of average ratings 
for the 14 x 1312 = 91 distinct pairs of colors to 
14 x 2 = 28 coordinate parameters, less a few 
because the origin, the orientation of the axes, 
and the unit of the scales are arbitrary. Although 
this is a substantial reduction, scaling tech- 
niques of this sort typically estimate a large 
number of parameters as compared to most 
other types of mathematical models. 

The main purpose of the method is not simply 
to reduce the number of parameters needed to 
describe the data, but to do so in a way that 
makes possible some understanding of the struc- 
ture of the data matrix. This is carried out by 
examining the relative positions of objects in 
the multidimensional solution and attempting 
to identify what is common to objects that are 
close together or, if the objects are widely dis- 
persed, to try to find a system of axes that can 
give meaning to the locations of the object 
points. Almost always, the solution has to be 
rotated in order to uncover a dimensional inter- 
pretation. In the present example, the method 
produces the conventional color circle, which is 
brought out by the smooth contour drawn 
through the fourteen points. 

Interpretability and Goodness-of-Fit 
A major virtue of this scaling approach is the 
ease of visualizing the results, at  least when two 
or at most three dimensions are involved. Low 
dimensionality facilitates our ability to discover 
a meaningful set of axes or interpretable clus- 
ters of objects. So it is important not to go to 
more dimensions than are absolutely necessary. 
However, the choice of the number of dimen- 
sions is not always simple and must be based on 
several considerations. For a fixed number of 
objects, the stress value decreases as the number 
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Figure 1.7. Shepard's multidimensional scaling analysis of Ekman's (1954) similarity data for 14 colors, which 
are identified by their wavelength in nanometers (nm). From "The Analysis of Proximities: Multidimensional 
Scaling with an Unknown Distance Function" by R.N. Shepard, 1962, Psychometrika, 27, p. 236. Copyright 1962 
by Psychometrika. Reprinted by permission. 

of dimensions increases. Put another way, the 
desired inverse monotonic relation between the 
similarity data and interpoint distances is met 
more and more closely as the number of dimen- 
sions increases. The expense is in terms of our 
ability to understand what the dimensions 
mean. Indeed, in higher dimensional solutions 
some dimensions may serve only to account for 
error or noise in the data, for which no substan- 
tive interpretation is really possible. There is, 
therefore, a trade-off between ease in visualiz- 
ing, reliability, and interpretability on the one 
side and goodness-of-fit on the other side. There 
is no rigorous solution to this tradeoff; judg- 
ment is required. Shepard (1974) discussed this 
and other issues that arise in the application of 
multidimensional scaling. 

Non-Euclidean Metrics 
So far we have assumed that the solution will be 
found in the ordinary (Euclidean) metric in a 
vector space, but in fact other choices are pos- 
sible. Perhaps the most familiar is the so-called 

city-block metric in which distances add up 
along a rectilinear grid. For example, in two 
dimensions 

where lzl means the absolute value of the quan- 
tity z. Attneave (1950), Shepard (1964, 1974), 
Carroll and Wish (1974b), Garner (1976) and 
others have argued that for certain types of 
stimuli, for example, those that vary along 
"separable" dimensions, this metric represents 
psychological distance better than does the 
more common Euclidean metric. Another metric 
space, which arises in studies in the geometry of 
visual space perception (Luneburg, 1947; Indow, 
1979), is the Riemannian space of constant cur- 
vature. Computer algorithms exist for several 
other types of metrics. The scientist must there- 
fore make a choice among them, either on a 
priori grounds or by analyzing the data in 
several ways and then judging which gives the 
most parsimonious or plausible explanation. 
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Individual Differences 
As described, these scaling methods apply to the 
data from a single source, usually an individual. 
If different people yield different data, as they 
usually do, then as many distinct solutions will 
result as there are people. Yet, if the method is 
getting at something fundamental about human 
perception, cognition, or choice behavior, we 
anticipate that the solutions should be in some 
sense closely related. The literature includes 
two attempts to implement this intuition and to 
devise methods to use the data from a number of 
respondents simultaneously. One, the unfolding 
method, has already been discussed. 

The other, proposed by Carroll and Chang 
(1970), posits that all individuals use the same 
fundamental dimensions, though they accord 
the dimensions different weights in establishing 
similarities. This view suggests the following 
modification of the usual Euclidean distance 
measures: 

where wij is the weight assigned by subject i to 
dimension j. 

The solution, which is arrived at by tech- 
niques that are called three-way multidimen- 
sional scaling methods, yields an object space 
and a subject weight space. The object space 
describes the psychological structure of the 
stimuli for the group of subjects. The subject 
weight space tells how much weight each sub- 
ject gives to each of the dimensions of the object 
space. Techniques of this type often assume 
something more than ordinal measurement 
scales, usually interval scales. Despite this 
requirement and their greater costliness in com- 
putation time, they have a number of advan- 
tages. First, individual differences are accounted 
for very simply, and the subject weights may be 
meaningfully interpreted. As an example, Figure 
1.8 shows the object space and the subject 
weight space for Helm's (1964) data on color 
perception arrived at by Carroll and Wish 
(1974a) using three-way multidmensional scal- 
ing. The group stimulus space exhibits the fami- 
liar color circle; the subject weight space shows 
the weights given the two dimensions by ten 
normal and four color-deficient subjects. The 
color-deficient subjects gave lower weights to 
the second (red-green) dimension than did the 
subjects with normal color vision. A second 

advantage of the individual-differences scaling 
method is that the solution is no longer invari- 
ant (except in special circumstances) under 
rotations of the axes, as can easily be checked 
using the distance expression given above. 
Indeed, if there are sufficient individual differ- 
ences, the axes are nearly uniquely determined. 
Finally, because the solution is based on more 
input data than a single similarity matrix, a 
higher dimensional solution can typically be 
supported without the risk that it is simply fit- 
ting random noise in the proximity matrix. 

One must not conclude, however, that such 
individual multidimensional scaling necessarily 
captures all the individual differences that 
arise. There may be idiosyncratic classifications 
that appear to have little to do with differential 
weighting of dimensions. For example, some 
people think of the food swordfish as a meat 
rather than a fish. Some people may vacillate in 
their representation of a stimulus in a dimen- 
sional structure. And people may very well dis- 
agree on the dimensional decomposition of 
stimuli: rectangles by length and height versus 
by area and length of a diagonal. 

Clustering 
Although geometric nearness is a notion of simi- 
larity, and an important one, the concept of 
similarity seems somewhat more general than 
that. It has something to do with how much two 
things have in common and how much they do 
not. We have previously seen this idea exploited 
in the probabilistic strength-of-aspects models. 
Here we discuss methods that presuppose not a 
probability data structure, but simply measures 
of similarity. The techniques are aimed, once 
again, at uncovering the structure in the data, 
but the representations arrived at are much 
weaker than the spatial ones just discussed. 
Basically, the idea is to sort the objects into 
relatively homogeneous subgroups. Within each 
subgroup, the objects have some degree of simi- 
larity, and the interpretation of the result 
depends on identifying what it is they have in 
common. Through this type of procedure, psycho- 
logically salient features or properties of the 
stimulus domain can be determined. The basic 
appeal of methods of this kind for psychology is 
that categorization of objects on the basis of 
their similarities and differences seems to be a 
fundamental aspect of human and animal behav- 
ior (Herrnstein & de Villiers, 1980). 
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Figure 1.8. Carroll and Wish's individual-differences, multidimensional-scaling solution for Helm's (1964) 
color data: R = red; Y = yellow; GY(1) = green yellow; GY(2) = green yellow but with more green than 
GY(1); G = green; B = blue; PB = purple blue; N refers to subjects with normal color vision; CD refers to 
color-deficient subjects. From "Models and Methods for Three-Way Multidimensional Scaling" by J.D. Carroll 
and M. Wish in Contemporary Developments in Mathematical Psychology, Volume II. W.H. Freeman and Com- 
pany. Copyright 1974. Reprinted by permission. 

Quite a number of different techniques exist, are successively joined together by other 
some of which were developed in biology for branches, until all objects are connected in 
constructing taxonomies (Sneath & Sokal, some way in the tree. The tree is required to be 
1973). The type of solution obtained depends on such that any two objects are connected by one 
the particular algorithm. Some methods pro- and only one path along the branches of the 
duce a tree structure, in which points or nodes tree. Other algorithms produce clusters that 
on the branches correspond to objects, and these subdivide the set of objects into homogeneous 
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subsets. In some cases these clusters are 
required to be nonoverlapping; in others, the 
clusters must be hierarchically organized so 
that small subsets are successively joined to 
other objects and subsets until all objects are 
finally joined into one large set. Still other 
methods allow for the possibility of partially 
overlapping subsets. Several considerations, 
including the scale type of the original data, 
implicit assumptions of the method about prop- 
erties of the data, and computational efficiency, 
play a role in the choice of the most appropriate 
method. 

Methods for Obtaining Tree Structures 
One tree model frequently fitted to psychologi- 
cal data represents the similarity between any 
two objects as the height of the path joining the 
two objects in a tree in which all points are 
equally distant from some highest point (root) 
of the tree (Hartigan, 1975; Jardine, Jardine & 
Sibson, 1967; Johnson, 1967). Objects that are 
most similar are joined at lower levels in the 
tree, whereas dissimilar objects are joined 
together only at higher levels in the tree. Figure 
1.9A shows Shepard's (1980) application of John- 
son's (1967) method to the consonant confusion 
data collected by Miller and Nicely (1955). To 
facilitate interpretation, the branches of the tree 
structure are labeled by the features that apply 
to the various objects at the ends of the branches. 
Trees of this sort are called ultrametric because, 
once two objects have been joined together, they 
must be equally distant from any third object to 
which they are joined at a higher level. This is 
called the ultrametric property. For example, g 
and d cluster first, and so their distances to any 
other consonant, say, b, are assumed to be equal. 
This is a strong assumption about the data, one 
that is satisfied only rarely. Before turning to 
methods that relax this assumption, however, it 
should be noted that ultrametric trees can be 
equivalently represented as hierarchically organ- 
ized clusters. Figure 1.9B shows the solution - 
displayed as clusters imposed on the two-dimen- 
sional scaling solution of the same data. 

Methods for fitting more general tree models 
to proximity data have subsequently been devel- 
oped by Carroll (1976), Cunningham (1978), and 
Sattath and Tversky (1977). These methods allow 
some or all of the interior, or nonterminal, nodes 
of the tree to correspond to objects or stimuli. In 
addition, these methods define an alternative 

metric on the tree, in which the distance between 
any two objects is represented by the length of 
the path joining the two nodes of the tree. This 
metric definition makes weaker assumptions 
about the data than the ultrametric property, 
but still requires that the data conform to a 
condition. called the four-voint condition or 
additive inequality, which is stronger than the 
triangle inequality discussed earlier. Other 
generalizations include the option of simul- 
taneously fitting more than one tree to a set of 
data, and even of combining multiple tree repre- 
sentations with a multidimensional spatial com- 
ponent (Carroll, 1976). Figure 1.10 shows Carroll 
and Pruzansky's (1980) application of the mul- 
tiple tree model to Miller and Nicely's (1955) 
data. Two trees were obtained with the first tree 
interpretable as grouping consonants by voicing 

TREE ONE 

TREE TWO - - 

Figure 1.10. Carroll and Pruzansky's application of 
the multiple tree model to Miller and Nicely's (1955) 
data. From "Discrete and Hybrid Scaling Models" by 
J.D. Carroll and S. Pruzansky in Similarity and 
Choice (p. 122) by E.D. Lantermann and H. Geger 
(eds.), 1980, Bern: Hans Huber. Copyright 1980 by Bell 
Telephone Laboratories, Incorporated. Reprinted by 
permission. 
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and nasality and the second tree as related to 
place of articulation. 

Methods for Obtaining Clusters 
Certain methods produce a collection of subsets 
or clusters rather than a tree structure. The 
objective of these clustering methods is to group 
together objects that are similar and to separate 
dissimilar objects into different clusters. In 
other words, the representation obtained should 
group together objects into relatively homo- 
geneous subsets. This objective is formalized in 
a variety of different clustering criteria which 
specify how the clusters are to be formed. Cer- 
tain methods are nonmetric in the sense that the 
solution obtained is invariant under any (increas- 
ing) monotonic transformation of the data, but 
most methods assume stronger numerical prop- 
erties. Although a thorough discussion of clus- 
tering algorithms is beyond our scope, two 
issues should be noted briefly. First, there are 
difficulties in ensuring that the solution 
obtained is optimal in the sense of maximizing 
an objectively defined measure of the goodness 
of fit. More specifically, the iterative algorithms 
are such that the decision to join (or subdivide) 
clusters at one stage is not reevaluated in light 
of its implications for later stages of the process. 
Thus the final configuration doesnot necessarily 
maximize the overall fit to the data. A second, 
related point concerns the computational effi- 
ciency of the algorithms. The basic difficulty is 
that the number of possible solutions--the assign- 
ment of the objects to possibly overlapping sub- 
sets-grows extremely rapidly as the number 
of objects increases, making an exhaustive 
search of all possibilities impractical. Various 
approaches have been taken to this problem 
with varying degrees of success, and, even so, 
many of the algorithms require considerable 
computational capacity. 

Nonhierarchical, nonoverlapping methods 
produce a single partition on the set of objects 
such that every object is placed in one and only 
one subset or cluster. The methods (e.g., Diday, 
1974; MacQueen, 1967) have not been used exten- 
sively in psychology. In contrast, the hierarchi- 
cal clustering method, which produces a set of 
hierarchically nested subsets, has been used in a 
number of psychological applications, possibly 
because there exist simple algorithms for obtain- 
ing a solution to this model. It is equivalent to 
an ultrametric tree and was discussed in the last 

section. One development (Shepard & Arabie, 
1979, Arabie & Carroll, 1980) allows for partly 
overlapping subsets. The basic assumption of 
this later model, which is called additive cluster- 
ing, is that the objects have properties with 
associated weights, and the observed similarity 
between two objects is the sum of the weights 
associated with those properties. Each feature 
corresponds to a subset of objects that possess 
that feature. Figure 1.9C shows Shepard's (1980) 
application of this model to the Miller and Nicely 
(1955) data. As can be seen, the solution consists 
of a number of partly overlapping subsets, sug- 
gesting that this model provides a better account 
of the consonant confusion data than the more 
restrictive hierarchical clustering model. 

Comparison of Spatial and Nonspatial 
Methods 
Because spatial and nonspatial models yield 
solutions that are quite different-the one 
fundamentally geometric and the other lattice- 
lik-they clearly must capture different aspects 
of the structure existing in the data. Spatial 
models are suited to structures that can be 
reasonably thought of as homogeneously organ- 
ized along one or several dimensions and in 
which there is a reasonably continuous tradeoff 
among dimensions, as is reflected in the distance 
measure used. When such homogeneity is lack- 
ing, when objects seem to group themselves into 
distinct classes that are not geometric in 
character, then nonspatial models become more 
appropriate. Which type of nonspatial model is 
best suited to the data depends on the exact 
structural features that are found, such as 
whether there exist nesting or hierarchical 
relations. 

If the data are of one type and the other type 
of model is used to analyze them, the results can 
be misleading. For example, experience suggests 
that the application of multidimensional scaling 
to data with a lattice structure has the conse- 
quence of causing some structured subsets to 
collapse into a point, thereby obliterating their 
fine structure. Kruskal(1977) has suggested that 
the spatial models are generally best at bringing 
out the global features of the data, whereas the 
nonspatial methods tend to highlight local, non- 
geometric structure. Since the data do not often 
announce clearly their character, i t  is usually 
wise to treat ,such methods as distinctly explor- 
atory, and to apply as many as possible to see 
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what each reveals-maintaining, of course, a 
degree of skepticism about what is real and what 
is due to chance features of the data. In this 
regard, there are few substitutes for the analysis 
of additional bodies of independent data. 

PSYCHOPHYSICS 

Most psychophysicists, though interested in 
various scaling problems, approach these meas- 
urement questions differently from the ways 
just discussed. One group, much the larger, is 
concerned with data and descriptive models of 
various kinds of sensory interactions that result 
in confusions of one sort or another. The topics 
include detection, discrimination, intensity- 
time tradeoffs, masking, and the like. We group 
these studies together under the heading Local 
Psychophysics because the focus is on stimulus 
changes that are small enough to cause con- 
fusions among stimuli. In the process of trying 
to account for these data, sensory measures 
arise as parameters in the models. 

The second group attempts to deal with the 
full dynamic range of sensory dimension-dif- 
ferences so large that there is no chance what- 
ever of confusions between the extreme signals 
in the range. These topics we call Global Psycho- 
physics. The methods used include absolute 
identification and confusion matrices, category 
scaling, and various methods of magnitude esti- 
mation and production and of cross-modal match- 
ing. In some methods, measures of stimuli are 
inferred indirectly through a model such as 
Thurstone's; in others the responses are treated 
rather directly as measurement representations. 

The final section-The Elusive Bridge-dis- 
cusses attempts that have been made to bridge 
the results and models of these two domains. 
Although this is, in a sense, the oldest theor- 
etical problem in psychophysics, it remains 
unresolved. 

Local Psychophysics 

Random Variable Representations of 
Signals 
The central problem of classical psychophysics, 
as defined by its founder Fechner (1860), was 
how to characterize the relation between events 
in the external physical environment and inter- 
nal sensations in the observer. In Fechner's 
work the problem was interpreted as solvable 

using internal thresholds, that is, finding those 
points along the physical dimension that corre- 
spond to discontinuous transition points in per- 
ception. This orientation reflects the belief that 
differences between sensations can be detected, 
but that their absolute magnitudes are less well 
apprehended. 

Two kinds of thresholds were distinguished: 
absolute or detection thresholds, defined as 
those values of physical dimensions below which 
the stimulus is not detected at all but above 
which it is; and relative or difference thresholds, 
defined as the least differences along a dimen- 
sion needed to perceive a distinction. The value 
on the physical dimension corresponding to this 
subjective just noticeable difference (jnd) was 
called a difference threshold or limen. The 
experimental methods developed to estimate 
such thresholds are many, and summaries may 
be found in Gescheider (1976), Guilford (1954), 
Kling and Riggs (1972), and elsewhere. 

For both absolute and difference thresholds, 
one finds empirically a smooth rather than dis- 
continuous transition between response states 
-present versus absent or same versus different 
-as the physical magnitude or difference is 
varied. At the level of responses, observers are 
neither absolutely consistent nor infinitely sen- 
sitive. These facts have led to several types of 
theories to account for them as well as to statis- 
tical definitions of thresholds. 

Almost without exception, modern accounts 
offered for confusions among signals involve the 
assumption that the signals are represented 
numerically in the brain and that these repre- 
sentations exhibit some degree of variability. 
Put another way, the signals are represented as 
random variables, as was assumed by Thur- 
stone. 

Although two major questions about such a 
postulate immediately come to mind, they have 
not yet been fully resolved to everyone's satis- 
faction. The first has to do with the dimensional- 
ity of the representation. How can we assume it 
to be one-dimensional when we know well that 
each signal activates a number of peripheral 
neurons and so involves, at least, a vector repre- 
sentation? Basically, two approaches have been 
taken. The one is to suppose that for the type of 
one-dimensional question that psychophysicists 
typically ask, for example, which of two signals 
is the larger, the central nervous system amalga- 
mates the vector, perhaps by some form of addi- 
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tion, into a single random variable. If the com- 
ponents of the vector are random, statistically 
independent, and of comparable size, the central 
limit theorem shows that the distribution of the 
sum will be approximately Gaussian, which is 
what is usually assumed in Thurstonian models. 
Various specific models have postulated other 
forms of amalgamation, without, however, a 
great deal of detailed evidence to guide the 
modeling. 

The other approach, which was taken in lay- 
ing the foundations of the theory of signal 
detectability (see, e.g., Green & Swets, 19661 
1974), is to use a simple statistical device. Sup- 
pose there are only two possible signals s, and s, 
and the internal observation is some vector i ,  
then there is some probability density f, of 
observing i when signal si is presented, and the 
likelihood ratio I of the observation is defined to 
be 

l(2) = f* (~ ) / f2 (~ ) .  

Obviously, this is a number. For each number I, 
consider the set X, of values i such that 
I(?) = I. Thus the probability that the likeli- 
hood value I would arise is the same as the 
probability that an observation lies in X,. Of 
course, this probability depends upon which sig- 
nal is presented, and the likelihood ratio thus 
has one distribution of values when s, is pre- 
sented and another when s, is presented. Under 
plausible assumptions, these distributions can 
be shown to be Gaussian. And so the problem is 
reduced to the two-signal version of the Thur- 
stone model in which the decision variable is 
bkelihood ratio. This is acceptable so long as 
attention is confined to two signals, but it does 
not generalize in a satisfactory way to the N-sig- 
nal, one-dimensional Thurstone model, which is 
what one typically uses when there are more 
than two signals that vary on only one physical 
dimension. 

The second major issue has been whether the 
random variable is discrete or continuous; that 
is, should it be thought of as quantal in charac- 
ter, and so take on integral values, or might it 
take on any number as a value? True thresholds 
are one consequence of discreteness. Such dis- 
creteness could arise in at least two quite dis- 
tinct ways. One is that the stimuli themselves 
are physically discrete; the other is that the 
nervous system is in some way discrete. We take 
up each of these points of view briefly. 

At least for absolute thresholds, it is possible 
for a physical threshold to be imposed by the 
quantal structure of matter and energy. Can the 
eye detect one or a very few quanta of light? 
This question was posed by Hecht, Schlaer, and 
Pirenne (1942). Since there was evidence that a 
single quantum of light was enough to activate 
a single photoreceptor, the question arose as to 
how many receptors would need to be excited to 
detect a flash of light. The problem would be 
easy if one could cause a known number of 
quanta to impinge on the retina, but that is not 
possible. The number of quanta emitted by a 
light source is a random variable that follows 
what is known as the Poisson distribution: the 
probability that n quanta will be emitted given 
that the mean number is p, is pne-'In!. Thus we 
know the distribution of the number that will 
arrive at the cornea, but that is much greater 
than the number that will actually be absorbed 
by the photopigments. A few quanta are lost by 
reflection, and many are absorbed as they travel 
through the optical medium. These losses, which 
can be estimated, apply with equal likelihood to 
each quantum independently and so do not alter 
the Poisson character of the distribution, but 
they do reduce its mean value. A family of curves, 
each showing the probability of obtaining n or 
more quanta as a function of the average num- 
ber of quanta arriving at the receptor level, can 
be calculated and they are shown in Figure 1.11. 
In order to answer the question of how many 
quanta are required for detection, one compares 
with these curves the observed probability of a 
detection response as a function of the mean 
number of quanta estimated to arrive at the 
receptor level. The best-fitting curve led to the 
conclusion that between five and seven excited 
photoreceptors are sufficient to detect a flash of 
light. Sakitt (1972) has refined the procedure and 
has estimated an even smaller number, two. 

The point of this example is that at absolute 
threshold, at least, a careful consideration of 
the variability inherent in the stimulus at the 
sensory transducer appears to be adequate to 
account for most, if not all, of the variability in 
the responses. Nothing comparable has been 
done for audition or for difference thresholds. 

The other major quantal approach began 
with Fechner, who believed there were true sen- 
sory thresholds. It was refined by Bkkksy (1930) 
who suggested that true thresholds arise because 
the number of neural cells that are activated (at 
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Figure 1.11. Relative frequency of detecting a visual stimulus as a function of the mean number of light quanta 
estimated to reach the retina. The plotted curves are those predicted by different quanta1 thresholds (numbers 
shown on curves) assuming a Poisson distribution of quanta. From Visual Perception (p. 77) by T.N. Cornsweet, 
1970, New York: Academic Press. Copyright 1970 by Academic Press. Reprinted by permission. 

some level of the nervous system) is the critical 
variable in intensity discrimination, and that it 
is a discrete, not continuous, variable. This led 
to the prediction that the probability of detec- 
tion or discrimination changes linearly with a 
suitable measure of signal intensity. Stevens 
and Volkmann (1940) restated the theory, and 
Stevens, Morgan, and Volkmann (1941) pro- 
vided some relevant data. There have subse- 
quently been a number of summaries and criti- 
ques of the idea and experiments (Corso, 1956, 
1973; Gescheider, 1976; Krantz, 1969; Luce, 
1963~; Treisman, 1977; Wright, 1974). Almost 
everyone agrees that any version of the theory 
that attempts to explain discrimination data by 
the involvement of only two discrete states is 
wrong. Most psychophysicists have generalized 
that conclusion to the entire concept of a dis- 
crete representation. So far as we can tell, this 
sweeping conclusion goes far beyond the data; 
however, it has proved very difficult to devise a 
clean experiment that can reveal discreteness in 
the representation if it is there. So we turn to the 
popular continuous representation. 

Historically, the theory of signal detectabil- 
ity first entered psychophysics for vision (Tan- 
ner & Swets, 1954), following from earlier engi- 
neering work conducted during World War I1 
for the detection of electromagnetic signals. In 
that form it had certain special features41) 
that the decision axis is a likelihood ratio, and 
(2) that the decision maker is ideal in the sense 
of behaving optimally in extracting information 
from the physical stimulus-but for most psycho- 
logical applications those features have not 
mattered. When stripped of these interpreta- 
tions, signal detection is just the random vari- 
able model of Thurstone with Gaussian distri- 
buted random variables. Still, it has had an 
impact in psychophysics that far exceeded Thur- 
stone's. What was new and very important was 
the recognition that performance in such a 
situation is controlled by two independent fac- 
tors: the signals used and the subject's motiva- 
tion. When looked at this way, it also turns out 
to be the general approach taken in statistical 
decision theory. For a detailed exposition of the 
theory, see Green and Swets (1966/1974). 
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Error Tradeoffs and ROC Curves 
The general decision problem is as follows: one 
of two events called stimuli can occur; there is 
some form of internal evidence, called data, 
about which one did occur; and the decision 
maker, called a subject or observer in a psycho- 
logical experiment, is to infer from the evidence 
which event occurred and is to respond accord- 
ingly. When dealing with signal detection, the 
two events are the presentation either of a sig- 
nal s or of no signal n; the evidence is the Thur- 
stonian random variable; and the responses are 
Yes (Y) there was a signal, or No (N) there was 
none. We can visualize the situation in two 
ways. First, we can form a table of possibilities 

Response 

hit miss 

n 
alarm rejection I . 

When data are collected and classed in this way, 
they give rise to the following table of estimated 
conditional probabilities: 

Here P(Y1s) denotes the probability of saying 
Yes when the signal s is presented, and so on. 
Second, we can visualize it in terms of two distri- 
butions which correspond to whether the signal 
has or has not been presented (Figure 1.12). 
Obviously the subject should respond Y when 
the value of the random variable is large 
enough, and N when it is small enough. Indeed, 
if we assume that the subject selects a criterion 
B to divide the range into Y and N intervals, we 
have the picture shown in Figure 1.13. This dif- 

Figure 1.12. Hypothetical distributions of internal 
observations for those trials on which a signal ( s )  in 
noise is presented and on those trials on which only 
noise (n) appears. 

Figure 1.13. One possible response criterion p for the 
distributions shown in Figure 1.12. Whenever the 
internal observation is to  the right of p, the "Yes" 
response is made. The probability of a "Yes" response 
on signal and noise trials is given by the shaded areas 
of the corresponding density functions. 

fers from Thurstone's model, in that the param- 
eter p is explicitly assumed to be under the sub- 
ject's control. 

There is no obviously unique choice for p. As 
pis made larger, both Y probabilities get smaller, 
which means that the error P(YI n) is reduced at 
the expense of making the error P(N1s) = 1 - 
P(Y1s) larger. As B is made smaller, P(N1s) is 
reduced, but P(YIn) is increased. Thus, accord- 
ing to the model there is an error tradeoff, called 
the power of a test by statisticians, and it can be 
plotted. Actually, it is conventional in psycho- 
physics to plot P(Y(s) versus P(YIn), and to call 
the resulting curve either a receiver operating 
characteristic (ROC) curve or an isosensitivity 
curve. An example for equal-variance Gaussian 
distributions with unit separation between the 
distributions is shown in Figure 1.14. 

All of this is tidy theoretically, but does it 
have anything to do with human performance? 
For nearly a century no one realized that it did; 
however, once the theory was available psycho- 
physicists undertook to study it. They argued 
that subjects would try to select so as to per- 
form well in the eyes of the experimenter, which 
in practice means in terms of the feedback 
provided the subject about the quality of perfor- 
mance. Instructions, relative frequency in 
presenting the signal versus the noise, and pay- 
offs have all been successfully used to man- 
ipulate B. Differences in values of B are thought 
to underlie subjects' confidence judgments, and 
these are often used as a quick way to develop 
an ROC curve. Figure 1.15 presents an example 
using vibration to the finger as the stimulus. 
There is no doubt today that performance 
depends on both the signal and the reinforce- 
ment conditions. 
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Figure 1.14. For the distributions of signal and 
noise shown, an illustration of how the ROC curves 
are generated by varying p. The area to the right 
of p on the n curve shows the probability of saying 
"Yes" when there is no signal; the corresponding 
area on the signal distribution shows the probability 
of saying "Yes" when the signal is presented. The 
value for signal is plotted on the ordinate; that for 
noise alone is  lotted on the abscissa. From Psvcho- 
physics: Method and Theory (p. 79) by G.A. Gescheider, 
1976, Hillsdale, NJ: Lawrence Erlbaum Associates, 
Inc. Copyright 1976 by Lawrence Erlbaum Associates, 
Inc. Reprinted by permission. 

If the internal representation is discrete 
rather than continuous, as in the neural quan- 
tum theory, then the predicted ROC curve is a 
series of discrete points (Blackwell, 1953; Luce, 
1963c; Norman, 1964). However, by certain stra- 
tegies involving some false reporting, these 
points can be transformed into a continuous 
ROC curve in which linear segments connect 
the points. There are as many segments as there 
are relevant states. Krantz (1969) showed that 
ROC data are inconsistent with the two-state 
model, but the three-state model has never been 
rejected by ROC data. The reason is, of course, 
that three straight lines can approximate the 
Gaussian ROC curves so well that a huge amount 
of data would be needed to reduce the binomial 
variability enough to distinguish the two curves. 

In the forced-choice design-in which the 
signal appears in exactly one of two time or 
space intervals and the subject is asked to 
say which--slightly better separation appears 

Figure 1.15. ROC curves for the detection of 60-Hz 
vibrations to the fingertip. The curves are labeled with 
the peak-to-peak amplitude of the stimulus in microns. 
The subjects' expectancy of the signal's being applied 
was varied by instruction. From Psychophysics: Meth- 
od and Theory (p. 21) by G.A. Gescheider, 1976, Hills- 
dale, NJ: Lawrence Erlbaum Associates, Inc. Copyright 
1976 by Lawrence Erlbaum Associates, Inc. Reprinted 
by permission. 

between the theories. Atkinson (1963) and Luce 
(1963~) showed for the two-state case, and Nor- 
man (1964) for the general case, that the forced- 
choice ROC curve has a major linear segment of 
slope 1. Figure 1.16 shows the data for one sub- 
ject plotted in both probability coordinates and 
Gaussian coordinates (where the Gaussian ROC 
curve is a straight line). It is by no means 
obvious which curve fits the data better. Study 
of forced-choice ROC curves has never been pur- 
sued intensively. 

Psychometric Functions and d' 
From Fechner to the appearance of signal detect- 
ability theory, the major summary of the data 
was the probability P(Y1s) as a function of a 
physical measure of s. This plot is often called 
the psychometric function although in special 
literatures other terms are used, such as fre- 
quency-of-seeing curve. Using the usual log- 
arithmic measure of the physical s c a l m f t e n  
called a decibel scale both in audition, where it 
originated, and in vision-the psychometric 
function often resembles the cumulative Gauss- 
ian distribution, as shown in Figure 1.17. 
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Stimulus intensity 

Figure 1.17. Typical psychometric function obtained 
by varying the signal strength in a Yes-No detection 
procedure. The threshold is defined to be the signal 

Figure 1.16. Yes-No (open circles) and two-alter- 
native forced-choice (closed circles) pure-tone detec- 
tion data for a single subject. The ROC curves were 
manipulated by varying the payoffs. (a) The two sets of 
data fitted by the two-state, low threshold model. (b) 
The same data fitted by Gaussian ROC curves (the 
fitted curves are straight lines because the axes are 
the z-scores corresponding to the probabilities). Also 
shown is the transformed two-state ROC curve for the 
two-alternative, forced-choice procedure. From "Sen- 
sory Thresholds, Response, Biases, and the Neural 
Quantum Theory" by D.A. Norman, 1964, Journal of 
Mathematical Psychology, p. 116. Copyright 1964 by 
Academic Press. Reprinted by permission. 

Laming (1986) has presented a careful study of 
the form of psychometric functions, establishing 
appreciable differences for increment versus 
forced-choice procedures and developing a 
theory of their origins. 

Such data, and their explanation as a mud- 
died true threshold, lead naturally to a statisti- 

intensity that is detected exactly 50 percent of the 
time. From Psychophysics: Methods and Theory (p. 61) 
by G.A. Gescheider, 1976, Hillsdale, NJ: Lawrence 
Erlbaum Associates, Inc. Copyright 1976 by Lawrence 
Erlbaum Associates, Inc. Reprinted by permission. 

cal estimation of the threshold; and if the 
explanation is rejected, it simply becomes a 
statistical definition of the threshold. In incre- 
ment detection against a background level, the 
psychometric function runs from 0, when the 
signal is never detected, to 1, when it always is. 
The threshold is defined to be that intensity 
leading to 112 on the psychometric function, 
that is, a 5&50 chance of detecting the signal. 
For forced-choice discrimination studies, the 
function runs from 112 to 1, and the threshold or 
limen is defined as the change leading to a 
probability of 314. 

Once one is aware of the ROC curve, it 
becomes clear, however, that the classic psycho- 
metric function is not very satisfactory. The 
problem is that, if the subject can vary B, then it 
is very important that the experimenter does not 
allow the subject to vary B with the magnitude 
of the signal. One way to achieve this is to 
randomize the intensities of s so that the subject 
cannot know on any trial what value is pitted 
against noise and so cannot correlate his choice 
of B with the signal level. Even so, there are 
statistical problems, because the experimenter 
usually attempts to hold P(Y1 n) to a very small 
value, which implies that one is attempting to 
estimate P(Y1s) on the steepest part of the ROC 
curve. Thus any error that is made in estimating 
P(Y1nFwhich can be quite sizable unless the 
sample size is enormous-is amplified as an 
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Figure 1.18. Estimated values of d' for detection of a 
pure tone as a function of signal strength (EIN,) meas- 
ured in decibels. From Signal Detection Theory and 
Psychophysics (p. 190) by D.M. Green and J.A. Swets, 
1974, New York: John Wiley & Sons, Inc. Copyright 
1974 John Wiley & Sons, Inc. Reprinted by permission 
of John Wiley & Sons, Inc. 

4.0 

error in estimating P(Y1s) that is five to ten 
times larger. The net result is that the psycho- 
metric function is usually not estimated pre- 
cisely, and even statistical estimates of thresh- 
olds are subject to large errors. 

Observe that, in the Thurstone model, the 
impact of increasing signal strength is to 
increase the separation of the two distributions. 
However, just how significant the difference of 
the means is depends on the spread of the den- 
sity functions. This suggests using the following 
normalized measure of their separation: 

- I I I 

E 
d,' = 0.082 - 

No 

A plot of this function, assuming that we can 
estimate it, as a function of signal strength is 
totally unaffected by the choice of the response 
criterion fi. An example is shown in Figure 1.18. 
A number of authors use this rather than the 
traditional psychometric functions, but others 
object that it is too dependent on the theory's 
being correct. A less theory-bound measure is 
the area under the entire ROC curve. Although 
that is expensive to measure directly, there is a 
simple equivalent way to find it, to which we 
now turn. 

It is fairly common practice not to use a Yes- 
No procedure of the sort discussed, but a two- 
alternative forced-choice procedure. It is not 
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difficult to show that the same model applies but 
that the value of d' is increased by a factor of a, 
which corresponds to the fact that the subject 
really has twice as much information. It can be 
shown that, when the criterion is set halfway 
between the two distributions, the proportion of 
correct responses in the force-choice procedure 
exactly equals the area under the ROC curve in 
the corresponding Yes-No experiment (Green & 
Swets, 1966/1974, pp. 45-47). This type of psycho- 
metric function seems acceptable to both camps 
and is widely used. 

Speed-accuracy Tradeoffs 
Although the time a subject takes to respond is 
ignored in most psychophysical studies, it has 
the potential to give us additional information 
about the processing of the signals. Moreover it 
places an interesting further demand on the 
theorist who must simultaneously account for 
the subject's choices and the time it has taken to 
make them. 

There is a question of experimental procedure: 
When we record response times, should we empha- 
size to the subject the fact they are being recorded? 
The brief signals usually employed certainly 
encourage the subject to attend just to that time, 
but if the subject is not motivated to respond as 
fast as possible we cannot be sure what irrele- 
vant delays may enter into the response times. 
And since response times usually become briefer 
when pressure is applied, some experimenters, 
though not all, feel it best to impose such pres- 
sure. However, doing so can result in another 
problem, namely, anticipatory responses. These 
are responses that originate before the signal is 
actually presented. Responses made before the 
signal is presented are clearly anticipatory, but 
presumably some of the responses that follow 
signal onset were also initiated by something 
other than the signal. Attempts to reduce the 
tendency for anticipatory responses include the 
introduction of (1) variable times between a 
warning signal and the reaction signal, (2) catch 
trials on which no signal is presented at all, and 
(3) choice-reaction paradigms in which the sub- 
ject is obliged to make a discriminative response. 

It is well established that it takes longer+n 
the order of 75-100-msec longer-to identify one 
of two distinct signals than it does to detect the 
onset of either. Choice reactions are always 
slower than simple ones, though it is not certain 
whether this is due to a difference in the deci- 
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sion process or in the preparation to make the 
response. 

A second fact is that, when pressed for time, 
subjects can usually adjust their behavior with 
respect to speed but at some cost in accuracy of 
performance. This was first studied explicitly by 
Fitts (1966), and later studies by Pew (1969), 
Lappin and Disch (1972), Laming (1968), Link 
(1975, 1978), and Link and Heath (1975) have 
established nearly linear relations between 
mean reaction time and one or another of 
several measures of accuracy-information 
transmitted, log odds of being correct, d', (dl)', 
and a measure suggested by the random walk 
model of Link. In order to study this relation, 
some experimental technique is required to 
manipulate simultaneous changes in speed and 
accuracy. For example, Green and Luce (1973) 
ran a Yes-No detection study in which the sig- 
nals were response terminated. They employed a 
time deadline, which was varied over conditions 
from 250 to 2000 msec, such that responses after 
the deadline drew fines, whereas those before it, 
but not before signal onset, were paid off with 
accuracy. The resulting tradeoff, plotted as d' 
versus the overall mean reaction time (there 
was little difference in the means for the four 
stimulus-response cells), is shown in Figure 
1.19A. These data are much like the results of 
other speed-accuracy studies. The data in the 
other three panels were obtained using a slightly 
modified procedure in which the deadline applied 
only to signal trials, not to noise trials. Under 
these conditions the mean times to signals are 
faster than to noise, and so there are two dis- 
tinct speed-accuracy tradeoffs for each subject. 
It is worth noting that the rate of change is 
roughly doubled by imposing the deadline on 
signal trials only. 

Green and Luce offered a possible explana- 
tion in terms of two different types of informa- 
tion processing, called counting and timing 
models. Assume that the sensory intensity infor- 
mation is encoded as the variable firing rates of 
neural pulses; the task then for the subject is 
basically to infer from a neural sample whether 
it arose from the faster or slower rate. In the 
counting mode, the rate is estimated as the ratio 
of the number of counts obtained in a fixed 
observation time (determined by the deadline) to 
that time, whereas, in the timing mode it is 
estimated as the inverse ratio of the time taken 
to obtain a fixed number of counts to that num- 

ber. This difference is adequate to explain the 
different tradeoffs. Link (1978) offered an alter- 
native account in terms of a random walk model, 
but Luce (1986a) has shown that it is not satis- 
factory. 

A somewhat uneven, but useful, general 
reference to the entire subject of reaction times, 
and to the theoretical models that have been 
studied, is Welford's (1980) edited volume. A 
general survey of models and closely related 
experiments is given by Luce (1986a). 

Global Psychophysics 

Any psychophysical experiment is said to be 
global if the following condition is met: The 
range of possible signals used in an experimental 
run is such that if the two extreme values were 
run in a 2-stimulus absolute identification 
design, they would be identified almost perfectly. 
(In such an experiment one of the two signals is 
presented on each trial according to a random 
schedule unknown to the subject, and the sub- 
ject is required to say whether it is the louder or 
softer signal, the brighter or dimmer signal, or 
whatever. After each trial the subject is informed 
whether or not the response on that trial was 
correct.) 

There are two comments to be made about 
this definition. First, it is ambiguous because 
"almost perfectly," like "beyond a reasonable 
doubt," is subject to interpretation. Do we mean 
99.9 percent, 99 percent, 90 percent, 75 per cent, 
or what? The intuition is that, in fact, the 
extreme stimuli are sufficiently separated so 
that discrimination between them can be per- 
fect, although in practice lapses of attention 
may occur that drop the observed performance 
below 100 percent. So probably 99 percent is a 
suitable criterion. Certainly 75 percent is far too 
low, as is 90 percent. 

Second, it is implicit in the distinction 
between global and local psychophysics that 
there is some difference either of procedure or 
results or both. The difference in procedure is 
obvious. In local psychophysics attention was 
mainly on experimental designs in which perfor- 
mance in identifying or discriminating two sig- 
nals is imperfect, and one studies those imper- 
fections. By definition, in global psychophysics 
one has reached the point where, for at least the 
two most extreme signals, one can no longer 
study them in the same way, and a different 
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approach is required. The differences in results intensity is quite small, but at other times it is 
we will come to presently. decidedly not small. So if we are to understand 

There are two strong motives for carrying human performance in the natural environment, 
out global studies as well as local ones. First, we must either extrapolate from local experi- 
our ordinary environment is psychophysically a ments or use global experiments, or both. 
global one, at least some of the time. To be sure, Second, when we try to extrapolate from local 
much of the time the range of variation in signal data, we find that gross errors in prediction 
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Figure 1.19. The speed-accuracy tradeoff obtained by varying a response-time deadline in an auditory detec- 
tion experiment. Accuracy is measured by d' and speed by mean reaction time (MRT). (a) Data for three subjects 
when the deadline was applied to all trials. (b, c, d) Data for individual subjects when the deadline was applied 
only to signal trials. For these cases, the time data are separated for signal and noise trials, because they were 
appreciably different. From "Speed and Accuracy Tradeoff in  Auditory Detection" by D.M. Green and 
R.D. Luce in Attention and Performance, IV (p. 564) by S. Kornblum (ed.), 1973, New York: Academic Press. 
Copyright 1973 by Academic Press. Reprinted by permission. 
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arise. This apparently was not really recognized 
until the early 1950s when facts of the following 
type were noticed. For auditory intensity, two 
signals 5dB apart can be absolutely identified 
with almost perfect accuracy, so any experiment 
with a range greater than 5 dB is global. In par- 
ticular, consider the absolute identification of 
one of 20 signals, successively spaced 5 dB apart 
over a 95 dB range from 15 dB to 110 dB. Since 
successive pairs can be identified perfectly, 
the natural extrapolation is that each of the 20 
can be also. The facts are otherwise. A great 
many identification errors occur, and to get per- 
fect identification of equally spaced signals over 
a 95-dB range, the number of signals must be 
reduced to about 7, spaced about 15dB apart. 
This phenomenon was first reported by Pollack 
(1952) for pitch and by Garner (1953) for loud- 
ness, and it has since been shown to hold for 
every unidimensional psychophysical domain. 
It was brought forcefully to psychologists' atten- 
tion in the classic paper of Miller (1956), whose 
"magical number" 7 in the title refers, in part, to 
the 7 we have just mentioned. 

Such facts mean we must collect and study 
global as well as local data, and some of these 
data are described in the present section. They 
also mean that a theoretical account is needed 
for the discrepancy between global and local 
results, and various approaches are discussed in 
the next section. 

Types of Global Experiments 
Most of the local designs use pairs of stimuli, 
and the experimenter observes the nature of the 
errors subjects make when trying to distinguish 
between them. By definition of a global situ- 
ation, this approach no longer makes any sense. 
Something else must be done. Several ideas have 
been pursued. 

One major distinction is whether the subject 
is required to classify signals in some manner 
(the different methods are described later) or to 
identify absolutely the signals. In the latter 
case, the subject knows there is an ensemble of 
n signals and is provided with some one-to-one 
code to identify them. As individual signals are 
presented the subject attempts to identify them, 
using this code. Often the signals are ordered 
along one physical dimension, in which case the 
code is their ranking on that dimension or some 
variant of it, such as the left-right ordering of a 
bank of keys. No real judgment is required of the 

subject, who simply attempts to make correct 
identifications. In this experiment each response 
is correct or not, and so information feedback 
and payoffs may be (and usually are) used. In 
this respect, absolute identification (AI) experi- 
ments are a natural extension of those employed 
in local situations. Of course, rank ordering of 
stimuli is closely related to AI, but it is usually 
carried out by allowing the observer to make 
paired comparisons. 

Since A1 experiments have a nice objectivity 
about them, why do anything else? The reason is 
that they do not permit us to study directly one 
important aspect of the global situation, namely, 
the way in which the subjective attribute grows 
with the physical signal. If loudness is the attri- 
bute, how does it depend on the auditory signal, 
its intensity and frequency, or in the case of 
noise, its band of frequencies? We do not seem to 
gain much information about that from A1 
experiments, and we are forced to use other 
designs in which the subjects' responses provide 
evidence about their subjective judgments. 
There is no way around it; we are asking for, and 
we hope to receive, assertions about the sub- 
jects' perceptions of the signals. There are no 
right or wrong answers; our only criterion can 
be internal consistency of bodies of data and 
repeatability, which presumably would not be 
achieved, were the responses based on some- 
thing other than the signal presented. Neverthe- 
less, it is well to keep in mind that this part of 
the so-called hard science of psychophysics is 
just as soft as any other part of psychology that 
asks about the nature of internal states. 

We distinguish three broad types of classifi- 
cation procedures. 

First, there are tradeoff methods. To use 
these methods the experimenter must be pre- 
pared to manipulate at least two physical vari- 
ables that affect the attribute in question, and 
the subject is required to judge when the two 
signals exhibit the same amount of the attribute. 
In some cases, judgment can be replaced by a 
detectability criterion as, for example, when 
duration-intensity tradeoffs are studied at 
threshold. But in general, judgment is required. 
Working with superthreshold signals, one may 
still ask if one intensity-duration flash of light is 
just as bright as another intensity-duration 
flash; or whether one intensity-frequency tone is 
as loud as another; or which distributions of 
wavelength of light are seen as the identical 
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color (metameric matches). This is a valuable 
technique, closely related to both conjoint and 
functional measurement, but it does not provide 
as much immediate information about the struc- 
ture of sensations as do the next two types of 
judgmental methods. Moreover, in modern prac- 
tice, tradeoff studies are often subsumed under 
the method of magnitude estimation, as we do 
below. 

Both of the next two methods ask the subjects 
to judge how signals differing along a single 
dimension relate to each other. In the first 
method, the subject is asked to partition the 
subjective domain into equal intervals. In the 
second, the subject is asked to report something 
about the ratio relation between two signals. 
We will mention three equal-interval procedures. 
The first is bisection, in which the subject is to 
find or report which signal x 'bisects' the inter- 
val bounded by two given signals, a and b. (One 
can also ask for proportions other than equality, 
although that is rarely done.) The second is 
categorizing or rating, in which the subject is 
told to place the signals, usually presented one 
at a time, into k categories that are 'equally 
spaced' along a subjective continuum. Of course, 
A1 is the very special case of a category experi- 
ment in which the subject knows k = n. 
Although in principle there is no restriction on 
k, usually k < n and the most commonly used 
values vary from as few as 7 to as many as 20 or 
30. Anderson (1974a, p. 232) recommends 20. An 
obvious drawback with the category method is 
that, if the subject keeps the category bound- 
aries fixed, the distribution of the signals has a 
powerful impact on the frequency with which 
the categories are used (Parducci, 1965; Parducci 
& Perrett, 1971; Mellers & Birnbaum, 1982). This 
can be an issue, since subjects appear to grow 
uncomfortable over highly uneven response dis- 
tributions. A third technique, called 'graphical 
rating', has the subject mark a point on a line 
interval as the response to the signal. In recent 
years, Anderson has used this method instead of 
category scaling (see Anderson, 1981, for dis- 
cussion and references). We group all three of 
these methods under the heading of partition 
methods. 

At least five ratio methods must be men- 
tioned. In the method of fractionation, the sub- 
ject is presented with a signal a and is to select 
x such that x is some fixed fraction (often 112) of 
a. In the method of ratio response, signals a and 

b are presented and the subject is to report the 
subjective ratio of b to a.  In the method of mag- 
nitude estimation, single signals are presented 
and the subject is asked to assign a number to 
each presentation so that ratios among responses 
reflect the subjective ratios of the signals. Thus, 
for example, if s , - ,  and s,  are the signals on 
trials n - 1 and n, if the response R,- ,  was 
made to s , - , ,  and if s, stands in the subjective 
ratio r to s,- ,  then the instruction is to make the 
response R, = rR,- , .  In this sense, magnitude 
estimation is a natural generalization of the 
method of ratio responses. In like manner, mag- 
nitude production generalizes fractionation by 
requiring the subject to assign signals to input 
numbers so that the signal assignments will 
maintain subjective ratios that agree with the 
ratios of the numbers. In what follows, we will 
report results based on the magnitude methods, 
but not on fractionation and ratio response. 
Finally, the method of cross-modal matching is 
a natural generalization of magnitude estima- 
tion and production. Consider two distinct 
modalities such as sound intensity and light 
intensity. If one can magnitude estimate sounds 
-assign numbers systematically to the sounds 
-and magnitude produce light intensity- 
assign lights systematically to numbers-then 
presumably one can systematically assign lights 
to sounds. 

Most people, when first encountering these 
methods, are at ease with absolute identification 
and partitioning, but feel that the magnitude 
methods and especially cross-modal matching 
are really rather ridiculous. After all, what does 
it mean to match a light to a sound? Any match 
will do. If so, then presumably you are willing to 
match a barely detectable light to the sound of 
a nearby thunderclap. No . . . the light must be 
considerably brighter than that, indeed it 
should be one of the brightest you can imagine, 
say an equally rapid glance a t  the sun. (Neither 
lights so bright nor sounds so loud are actually 
used in these experiments.) So something more 
than order is involved, and the data are, in fact, 
highly systematic. 

Because global psychophysics rests on the 
judgments of subjects, it is an area of con- 
troversy and uncertainty. Usually the greater 
the uncertainty, the stronger the expressed con- 
victions of the advocates. Some authors are con- 
vinced that one method gets the right answers, 
whereas other methods exhibit bias, error, or 
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Figure 1.20. Performance as a function of signal 
range in the absolute identification of individual 
presentations of signals selected at  random from a set 
of ten auditory signals equally spaced in decibels. 
Performance is measured by total sensitivity, which is 
the sum of d' for each of the successive 2 x 2 sub- 
matrices. Range is measured in bels = dB/10. From 
"Intensity Perception. 11. Resolution in One-Interval 
Paradigms" by L.D. Braida and N.I. Durlach, 1972, 
Journal of the Acoustical Society of America, p. 491. 
Copyright 1972 by the American Institute of Physics. 
Reprinted by permission. 

worse. Our stance is more eclectic. The task, in 
part, is to understand how the different methods 
are related. After all, exactly the same signal 
presentation can occur under several different 
methods; the only real difference is in what the 
subject has been asked to do with the informa- 
tion acquired about the signal. 

Absolute Identification 
We have already cited one of the major findings 
of the A1 literature: local results do not predict 
global ones. To see what is involved, we wish to 
present a measure of performance either against 
the range for a fixed number of signals or 
against the number of signals for a fixed range. 
Three different, but closely related, measures of 
performance are found in the literature. The 
easiest to understand is percentage of correct 
responses. The next easiest is a d' measure that 
is computed as follows: the confusions between 
each successive pair of signals are treated as 
two-stimulus data, d' is calculated, and those 
values are summed over all successive pairs to 
yield what is called A' (an exact description is 

Range in dB 

Figure 1.21. Performance as a function of signal range in the absolute identification of ten auditory signals. 
Performance in this case is measured by the amount of information transmitted, which is nearly linear with total 
sensitivity (see Figure 1.20). The solid line and the parameter values represent the attention band model, and 
the dashed line is for the Braida-Durlach model, which assumes that the variance of the internal representation 
grows linearly with the square of the range in decibels. From "Attention Bands in Absolute Identification" by 
R.D. Luce, D.M. Green, and D.L. Weber, 1976, Perception & Psychophysics, 20, p. 51. Copyright 1976 by The 
Psychonomic Society, Inc. Reprinted by permission. 
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given in the appendix of Luce, Green & Weber, 
1976). With a fixed number of equally spaced 
signals, increasing the range would, one might 
imagine, cause & to increase at least linearly. 
Figure 1.20 shows a plot for sound intensity, and 
we see that up to about 20-dB the growth is 
linear, after which it is much slower. A third 
measure often used (especially in the literature 
of the 1950s) is the amount of information trans- 
mitted. If ej is the probability of response j to 
signal i ,  P, is the probability of response j, and if 
we assume that the signals are equally likely to 
occur, then - Z, Z, P, log,(P,/P,) is the infor- 
mation transmitted. For further explanation, 
see Coombs et al. (1970), Garner (1962), or Miller 
(1953). Figure 1.21 shows this measure as a func- 
tion of the number of signals in a fixed range. 
Again, packing in more than about seven sig- 
nals in a very wide range does not lead to 
improved performance. (The theoretical curves 
will be discussed later.) 

There are at least two things to be under- 
stood here. The first is why the global data are 
inconsistent with the local. We go into that in 
the next major section. The second is why the 
limit of 7 f 2 absolutely identifiable signals is 
so at variance with our everyday exper ience  
everyone absolutely identifies many more than 
seven faces, or sounds, or even phonemes. The 
difference is one versus several dimensions. For 
example, Pollack (1953) used pure tones that 
varied in both intensity and frequency. The maxi- 
mum information transmitted on each alone was 
1.8 bits for intensity and 1.7 for frequency, corre- 
sponding to perfect identification of 3.5 and 3.3 
signals, respectively. But when frequency and 
intensity were combined, information trans- 
mitted increased to 3.1 bits or the equivalent of 
perfect identification of 8.6 signals. Pollack and 
Ficks (1954) found that for complex stimuli with 
eight factors, each having two categories, trans- 
mission of 7.4 bits of information was achieved, 
which corresponds to 169 perfectly identifiable 
signals. 

The use of any of these gross measuresper- 
cent correct, information transmitted, or K- 
masks another characteristic of absolute iden- 
tification data, namely, that the signals at the 
end of the range are far more accurately iden- 
tified than those in the middle. This is illus- 
trated in the curves of Figure 1.22. (The differ- 
ences among the curves will be described later.) 
A number of papers have attempted to explore 
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Figure 1.22. Performance in absolute identification 
as a function of the ordinal position (equal decibel 
steps) of the signal presented for the four different 
presentation schedules discussed in the text. The per- 
formance measure is the value of d' obtained by col- 
lapsing the entire data matrix around two successive 
signals and treating it as a 2 x 2 absolute identifi- 
cation. From "The Bow and Sequential Effects in 
Absolute Identification" by R.D. Luce, D.M. Green, 
R. Nosofsky, and A.F. Smith, 1982, Perception & 
Psychophysics, 32, p. 399. Copyright 1982 by The 
Psychonomics Society, Inc. Reprinted by permission. 

this phenomenon, which is sometimes called an 
edge effect (Berliner & Durlach, 1973; Berliner, 
Durlach & Braida, 1977; Braida & Durlach, 1972; 
Durlach & Braida, 1969; Gravetter & Lockhead, 
1973; Luce, Nosofsky, Green & Smith, 1982; 
Lippman, Braida & Durlach, 1976; Weber, Green 
& Luce, 1977). Without going into detail, it is a 
robust phenomenon that has little to do with the 
stimuli themselves. As the range varies, the 
improved performance at the edge moves with it  
4 x c e p t  when one begins a session with a large 
range and then unbeknownst to the subject con- 
tracts the range, in which case the subject con- 
tinues to perform poorly at the new edge as if it 
were an interior point in the longer range. 
Neither practice nor differential payoff seems 
able to overcome the edge effect. Some portion 
of the edge effect can be attributed to the fact 
that the end signals have only one neighbor to 
be confused with. But even if that is taken into 
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account (Berliner et al., 1977; Weber et al., 1977), 
a substantial effect remains, at least for the 
more intense signals. 

A second phenomenon, one that is often 
viewed as a mere nuisance, is the presence of 
pronounced sequential effects in the data. These 
may be closely related to why the local and 
global data are so different. The existence and 
magnitude of these effects were first emphasized 
by Lockhead and his students (Holland & Lock- 
head, 1968; Ward, 1972; Ward & Lockhead, 1970, 
1971) and they have continued to be investigated 
(Purks, Callahan, Braida & Durlach, 1980; 
Green & Luce, 1974; Jesteadt, Luce & Green, 
1977; Luce, Nosofsky, Green & Smith, 1982; Luce 
& Nosofsky, 1984). Three major conclusions 
appear warranted. First, changes in both sen- 
sitivity and response criteria appear to underlie 
these effects (Nosofsky, 1983). Second, substan- 
tial changes in response criteria are made on a 
trial-by-trial basis (Luce, Nosofsky et al., 1982; 
Purks et al., 1980). Third, changes in sensitivity 
are made more slowly and seem to be evident 
only when some form of signal clustering occurs 
over a number of trials (Luce & Nosofsky, 1984). 
As an example of clustering, Luce, Nosofsky 
et al. (1982) ran subjects in three conditions, in 
all of which the signals were used equally often 
in the long run. In one condition, the signals 
were chosen at random, in a second they were 
selected from three adjacent signals centered on 
the one that had occurred on the preceding trial 
(small step-3), and in a third they were selected 
from three adjacent signals far from the one on 
the preceding trial (large step-3). The d' data 
were shown previously in Figure 1.22, where we 
see that the random and large-step data are 
really the same, but the small steps are displaced 
upward by about 1, with the result that the 
performance approaches that of a local A1 
experiment, despite the wide range of signals 
actually used. Note that the large-step data 
make it clear that the effect is not due to 
increased predictability of the responses. We 
return to these results in discussing the bridges 
between local and global psychophysics. 

Partition Methods 
Over the years, there has been a desultory use of 
partition methods in psychophysics, although 
those methods and rankings are widely used in 
the rest of psychology. Various authors (see 
chapter 5 of Stevens, 1975, for a discussion) have 

reported results on bisection experiments, and 
category scales have been discussed, especially 
in connection with the magnitude methods 
(Stevens & Galanter, 1957; Stevens, 1975). But 
not until the extensive work of N.H. Anderson 
and his collaborators has there been such a 
strong push to use partition methods in psycho- 
physics. He has on different occasions used cat- 
egorizing or rating scales, ranking, and graphi- 
cal rating scales (see Anderson, 1981, p. 344, and 
1982). 

The category rating method has two salient 
features. First, the number of categories is 
almost always fewer-usually, substantially 
fewer-than the number of stimuli, which 
means that signals that are perfectly distin- 
guishable locally must be grouped together. 
Second, this fact immediately raises the ques- 
tion of what principles the subject should use to 
class stimuli together. The emphasis usually 
given is that categories should correspond to 
subjectively equal intervals, and the models 
proposed generally assume that this is what is 
done. To the degree that the models fit the data, 
Anderson argues, the assumption is tested and 
found acceptable. The compromise implicit in 
the method is to accept a loss in evidence about 
the subject's discriminating power-by using 
only a few categories-in order to gain evidence 
about the subject's relative spacing of stimuli. 
The method presumably becomes more infor- 
mative as more different stimuli are used, since 
that allows a more precise definition of the sub- 
jectively equal intervals. 

Consider the simplest example, bisection. 
Here the method involves presenting two sig- 
nals, a and 6, that differ on some dimension, and 
then exploring the infinite set of intermediate 
signals to find the one, x, that bisects the inter- 
val a to 6, that is, in a two-category design, x is 
half the time classed with a and half the time 
with 6 .  The assumed model is that 

so that 
$(x) = (1/2)[$(a) + $@)I, (1) 

where $ denotes the psychological measure on 
the stimulus dimension. 

Weiss (1975) ran a factorial design using 
patches of gray and searched for and found a 
function $ that fitted Equation 1 well. As a func- 
tion of reflectance R, $ is of the form of a power 
function $(R) = uRB with f l  = 0.2. Anderson 
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(1976, p. 107) reports comparable results. In 
addition, Weiss had his subjects rate the overall 
grayness of pairs of stimuli si and s j ,  which he 
assumed satisfied 

and he had them rate the difference in grayness, 
which presumably satisfied 

Although there were some systematic discrepan- 
cies, especially for individual subjects in the 
differencing task, he found a good fit with essen- 
tially the same power function. Weiss (1975) also 
had his subjects divide the interval into either 
three or four equal sections, but in both cases 
the natural generalization of Equation 1 failed 
to hold. Anderson (1977) applied the same 
methods to the bisection of length and found it  
impossible to fit the data by Equation 1. 

We now turn to Anderson's more general 
approach, called functional measurement, 
which we discussed briefly in the earlier section 
on scaling. The principles of this method have 
been restated by him a number of times (e.g., 
Anderson, 1970,1974a, b, 1976,1981, 1982), with 
his two recent books providing by far the most 
comprehensive coverage. The main steps of 
functional measurement are: 

1. Factorial designs, in which multiple vari- 
ables are manipulated independently, are used 
to pit two or more variables against one another 
as they affect the dependent variable under 
study. The motive for this is clear: one wants to 
study how subjects integrate stimulus informa- 
tion. This is not very controversial, although in 
some contexts other ways of studying stimulus 
integration are more usual, such as finding stim- 
ulus combinations that leave the dependent 
variable unchanged (equal-attribute contours). 

2. The dependent measure is subject- 
generated numbers on some sort of partition 
scale. (The use of such response scales is con- 
troversial; see below.) 

3. These numbers are then analyzed accord- 
ing to one of several simple algebraic repre- 
eentations-adding factors, weighted averaging 
of factors, or multiplying factors are the most 
common-which formalize various notions of 
possible stimulus integration. If that is unsuc- 
cessful, the data are in essence treated as ordi- 
nal, nonlinear transformations are employed, 

and the best fitting model is selected. In a sur- 
prising number of cases, no transformation is 
used. Whichever model is apparently correct is 
then called the psychological law for that 
situation. 

For factorial designs, there are very simple 
ways of estimating the parameters of the averag- 
ing model, and the goodness of fit of the model to 
the data is evaluated statistically. In some 
studies analysis of variance techniques have 
been used, but when nonlinear monotonic 
transformations are employed, distribution-free 
methods are recommended. 

4. If the fit is good, the psychological law 
embodied in the algebraic representation, 
together with the rating scale method, are said 
to be jointly validated. This highly controver- 
sial contention has been carefully discussed and 
criticized by Birnbaum (1982). The basic issue, 
as in all measurement representations, is that, 
when one set of representations combined by 
one psychological law fits the data, then an 
infinity of other combinations will fit equally 
well. It is unclear which should be selected (this 
is discussed further below). Moreover, 

(a) The partition scale design, or its trans- 
formed values if that was necessary, as 
well as the stimulus parameters esti- 
mated from it are said to form interval 
scales because the algebraic models are 
invariant under affine transformations 
and, under assumptions of stimulus con- 
tinuity, they are invariant only under 
affine transformations. 

(b) The estimated parameters may be plotted 
against a physical measure of the factor 
in question, and that relation is referred 
to as a psychophysical law, about which 
more will be said. 

(c) Considerable attention is paid to the 
question of whether the same psycho- 
physical law arises from different types of 
stimulus integration involving the same 
factors. One possibility is that only one 
psychophysical law is involved, although 
different integrations of it may take 
place. It is an empirical matter to decide 
whether this is true. 

As an example, Anderson (1972) reports two 
studies on lifted weights. Both were 5 x 5 fac- 
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Figure 1.23 Mean category ratings of heaviness in 
two procedures: in (a) two weights are "averaged"; in 
(b) the weight and volume of the container are varied. 
From "Cross-Task Validation of Functional Measure- 
ment" by N.H. Anderson, 1972, Perception & Psycho- 
physics, 12, No. 5, p. 390. Copyright 1972 by The 
Psychonomics Society, Inc. Reprinted by permission. 

torial designs; the response in one was to the 
average weight of two successive liftings, and in 
the other the response was to a single lifting of 
a cylinder that varied in both weight and height. 
The data are shown in Figure 1.23. The parallel- 
ism in both cases supports the averaging model, 
and the resulting psychological scales are 
linearly related, as shown in Figure 1.24. 

A major factor about all global scaling 
methods, including partition scaling, is the 
impact of context on the subject's response. 
Knowing the signal presented determines only 
partly the response made; the total context of 
the other signals in the experiment also matters 
a great deal. As we said in the special case of 
absolute identification, the response is seriously 
affected both by the location of the signal in the 
total range of other signals and by events on the 
immediately preceding trial, especially when 
the two signals are moderately close together. 
All this and more applies to general partition 
methods. A first attempt to discuss the 
phenomenon was the adaptation level theory of 
Helson (1964), which in essence says that 
responses are affected by some average of all the 
signals used in the experiment. A rather more 
unified theory has been put forward and tested 
in detail by Parducci and his collaborators (Par- 
ducci, 1965; Parducci, Calfee, Marshall & David- 
son, 1960; Parducci & Perrett, 1971). The essen- 
tial idea is to modify a theory of Thurstone's (see 
Scaling: Random Variable Models) to take into 
account two conflicting tendencies, the one to 

E Size-weight illusion 

Functional scale value 
mean lifted weight 

Figure 1.24. Scale values of weight estimated from 
the two sets of data shown in Figure 1.23 are plotted 
against each other to show a linear relation. From 
"Cross-Task Validation of Functional Measurement" 
by N.H. Anderson, 1972, Perception & Psychophysics, 
12, No. 5, p. 390. Copyright by The Psychonomics 
Society, Inc. Reprinted by permission. 

subdivide the subjective scale into equal inter- 
vals and the other to use each response category 
equally often. Each subject is assumed to weight 
these two tendencies differently. By varying the 
spacing of the signals, one can systematically 
affect the frequency with which categories are 
used if equal spacing is maintained, and the 
model leads to a very systematic account of the 
data. 

Magnitude Estimation 
As noted earlier, magnitude estimation is in 
many ways similar to category scaling. The most 
notable differences are, first, that the number of 
categories is very large (e.g., any positive num- 
ber in a voice response or any integer from 1 to 
1000 or 10,000 in an online computer setup) and, 
second, subjects are asked to respond so as to 
preserve subjective ratios, not subjective dif- 
ferences, of the signals. 

The most pervasive finding is that for signal 
intensity, or what Stevens called prothetic attri- 
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Figure 1.25. Magnitude estimates (geometric means 
of 32 observers) of the loudness of a 1000-Hz tone as a 
function of signal intensity. Both coordinates are log- 
arithmic. From Psychophysics: Introduction to Its Per- 
ceptual, Neural, and Social Prospects (p. 28) by S.S. 
Stevens, 1975, New York: John Wiley & Sons, Inc. 
Copyright 1975 by John Wiley & Sons, Inc. Reprinted 
by permission of John Wiley & Sons, Inc. 

butes, the central tendency of the response is 
approximately a power function of stimulus 
intensity as measured physically on an additive 
scale, that is, * = ~4~~ 
where $ is the measure of central tendency in 
the magnitude response and 4 is the physical 
measure. Most commonly, the geometric mean 
of the numerical response is used to estimate t+b. 
Observe that by taking logarithms, Stevens' law 
becomes 

log l+b = p log 4 + log a 

and it is usual to plot the data in logarithmic 
coordinates. In this form it is easy to tell if the 
points fall on a straight line and to get an 
approximate estimate of the exponent p from the 
slope using linear regression. Some typical data 
are shown in Figure 1.25. 

Often the data deviate from Stevens' law in 
either of two ways. First, at  low intensities, the 
slope increases. Such curvature can be exag- 
gerated in various ways, for example, (1) by 

hearing loss due to nerve degeneration (Hall- 
pike & Hood, 1959), (2) by masking by noise 
(Stevens & Guirao, 1967) or (3) by masking light 
by light (Stevens, 1975). Various authors have 
suggested that this can be accommodated by 
generalizing Stevens' law to 

In fact, one can take either 4,  = 0 or t+bO = 0 and 
do rather well with just one extra parameter, 
and it has not been easy to decide which choice 
is the better. 

The other departure arises when the pro- 
cedures for data collection and analysis are 
changed. Stevens advocated collecting only a 
few observations (usually 2 each) from a few 
stimuli (usually 5 to 10) from a moderate number 
of subjects (usually lo), and then he averaged 
over subjects and responses for each signal. He 
placed some value on using untrained, inex- 
perienced subjects. This style is quite contrary 
to the hoary traditions of local psychophysics, 
where well-trained observers and hundreds and 
thousands of observations are standard. When 
hundreds of magnitude estimates are collected 
from each of 20-30 signals and the data are 
plotted for individual subjects, we find not only 
appreciable individual differences in the rate of 
growth with intensity but also rather systematic 
and sizable departures from a power function 
(see, e.g., Green & Luce, 1974). These deviations, 
which can run up to 5 or 10 percent of the range 
(in logarithmic measure), do not disappear if the 
data are separated into time quarters and plot- 
ted separately. Just how stable they are over 
prolonged periods of time is not certain. Teght- 
soonian and Teghtsoonian (1971) studied esti- 
mated exponents for individual subjects and 
fo&d high correlations (0.8) on data collected 
with small time separations, but they dropped to 
much lower values (0.4) with a day's delay and 
were virtually zero after several months. How- 
ever, Engeland and Dawson (1974) repeated the 
Teghtsoonians' study, again using length and 
area, and Logue (1976) did it using loudness, and 
both found moderately high correlations after 
11 weeks. Whether or not individual differences 
are important, the rest of the data presented 
here are averaged results because they are 
mainly what is available in the literature. 

Stevens explored a wide range of stimulus 
attributes and tabulated the average exponent 
for each attribute; these are shown in Table 1.3. 
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Table 1.3. Representative exponents of the power functions relating subjective magnitude t o  stim- 
ulus magnitude'"' 

Continuum Measured exponent Stimulus condition 

Loudness 
Vibration 
Vibration 
Brightness 
Brightness 
Brightness 
Brightness 
Lightness 
Visual length 
Visual area 
Redness (saturation) 
Taste 
Taste 
Taste 
Smell 
Cold 
Warmth 
Warmth 
Warmth 
Discomfort, cold 
Discomfort, warm 
Thermal pain 
Tactual roughness 
Tactual hardness 
Finger span 
Pressure on palm 
Muscle force 
Heaviness 
Viscosity 
Electric shock 
Vocal effort 
Angular acceleration 
Duration 

Sound pressure of 3000-hertz tone 
Amplitude of 60 hertz on finger 
Amplitude of 250 hertz on finger 
5' Target in dark 
Point source 
Brief flash 
Point source briefly flashed 
Reflectance of gray papers 
Projected line 
Projected square 
Red-gray mixture 
Sucrose 
Salt 
Saccharine 
Heptane 
Metal contact on arm 
Metal contact on arm 
Irradiation of skin, small area 
Irradiation of skin, large area 
Whole body irradiation 
Whole body irradiation 
Radiant heat on skin 
Rubbing emery cloths 
Squeezing rubber 
Thickness of blocks 
Static force on skin 
Static contractions 
Lifted weights 
Stirring silicone fluids 
Current through fingers 
Vocal sound pressure 
5-Second rotation 
White noise stimuli 

- - - 

'"Note. From Psychophysics: Introduction to Its Perceptual, Neural and Social Properties (p. 15) b y  S.S. Stevens, 1975, New York: 
John Wiley & Sons, Inc. Copyright 0 1975 by John Wiley & Sons, Inc. Reprinted by permission of John Wiley & Sons, Inc. 

Teghtsoonian (1971) noted a systematic correla- 
tion between the value of the exponent and the 
size of the physical range as measured by the 
ratio of the most intense signal acceptable to the 
least intense detectable. To at least a first 
approximation, the exponents are such that 
exactly the same range of responses is used for 
each attribute; this relation is shown in the 
theoretical curve plotted in Figure 1.26. One 
conjecture that is consistent with these data is 
that all intensive modalities are ultimately 
encoded in neural cells of the same type, and the 
response range simply reflects the range of firing 
rates for these cells. 

Others are considerably less confident that 
the exponents have any very firm meaning. War- 

ren and Warren (1963) and Warren (1981) have 
argued that they arise from learning experi- 
ences and reflect more about our physical 
environment than they do about the sensory 
systems. For a recent critique of this, see the 
comments following Warren (1981). Poulton 
(1968) reviewed a number of factors, including 
stimulus spacing, that affect the estimate. 
Robinson (1976) showed how instructions can 
bias the exponent. King and Lockhead (1981) 
ran subjects with information feedback based on 
three quite different exponents, and their sub- 
jects were easily able to produce responses con- 
sistent with each of the three different expo- 
nents. And general laboratory experience indi- 
cates that the exponents are quite responsive to 
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Figure 1.26. Estimated exponents of Stevens's power 
law as a function of the number of logarithmic steps 
(factors of ten) in the estimated dynamic range of the 
stimulus measured using the standard ratio scales of 
physics. Each point corresponds to a different physi- 
cal attribute. The smooth curve is j3R = constant, 
where j3 is the exponent and R is the range. From "On 
the Exponents in Stevens' Law and the Contents in 
Ekman's Law" by R. Teghtsoonian, 1971, Psychologi- 
cal Review, p. 73. Copyright 1971 by the American 
Psychological Association. Reprinted by permission 
of the author. 

instructions. For example, if one urges the sub- 
jects to reduce the variability of their responses, 
some react by reducing the exponent, that is, by 
narrowing the total range of responses, which 
indeed does reduce variability. All of these find- 
ings suggest that it may prove difficult to affix 
any precise meaning to the values of the 
exponents. 

Once one has a technique such as magnitude 
estimation or category scaling, it is natural to 
use it to explore the tradeoffs-what Anderson 
calls the psychological law-among the physi- 
cal variables that affect this attribute. We 
present several examples using magnitude esti- 
mation. It is often the case that if a secondary 
parameter is varied and log I(, is plotted against 
log 4, then the functions extrapolated to 
extreme values converge to a single point. An 
example is subjective warmth plotted as a func- 
tion of irradiance with the area radiated as a 
parameter of the curves (see Figure 1.27). The 
point of convergence is approximately the 

Figure  1.27. Magnitude estimates of warmth as  a 
function of power per unit area, with area of applica- 
tion as a parameter. From "Families of Converging 
Power Functions" by J.C. Stevens in Sensation and 
Measurement (p. 163) by H.R. Moskowitz, B. Scharf, 
and J.C. Stevens (eds.), 1974, Dordrecht: D. Reidel 
Publishing Company. Copyright 1974 by D. Reidel 
Publishing Company, Dordrecht, Holland. Reprinted 
by permission. 

threshold of burning pain. J.C. Stevens (1974) 
has summarized a number of these families of 
functions and the interpretation of the point of 
convergence (see Table 1.4). 

Another example is the joint effect of signal 
duration and intensity. This has frequently been 
studied by detection methods, but it is also pos- 
sible to explore the tradeoff for suprathreshold 
studies by using either magnitude estimation or 
determining curves of equal attribute. Figure 
1.28 shows the data for brightness. Similar data 
for loudness are shown in Figure 1.29. Note that 
the point at which the subjective attribute 
becomes independent of signal duration is at 
about 150 msec for loudness, and this point does 
not depend on intensity; whereas, for brightness 
it varies from 15msec for the most intense sig- 
nals to 500msec for the least intense. 

Although we have not mentioned it to this 
point, the response structure in both category 
and magnitude estimation is rather more com- 
plicated than just the mean response to a signal. 
Just as for absolute identification, there are 
major sequential effects (Holland & Lockhead, 
1968; Mashhour, 1964; Mashhour & Hosman, 
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Table 1.4. Families of converging power functions(" 

Continuum Source Independent Parameter Approximate Possible significance 
variable convergence 

Auditory 
volume 

S.S. Stevens & 
Terrace 
(1962) 

Guirao & S.S. 
Stevens 
(1964) 

J.C. Stevens & 
Rubin (1970) 

J.C. Stevens & 
S.S. Stevens 
(1963) 

S.S. Stevens & 
Diamond 
(1965) 

J.C. Stevens 
(1967) 

sound pressure frequency 140 dB SPL tickling & pain 

Auditory 
density 

sound pressure frequency 13Ck150dB SPL tickling & pain 

Heaviness weight volume maximum heft 

solar luminance Brightness luminance level of light 
adaptation 

Brightness luminance glare angle glare luminance 

Brightness luminance size of 
inhibitory 
surround 

duration 

surround luminance 

Cold Marks & J.C. 
Stevens 
(1972) 

J.C. Stevens & 
Marks (1971) 

J.C. Stevens & 
Marks (1971) 

Marks & J.C. 

lowering of 
irradiation 
from neutral 

3-s irradiation 
of forehead 

3-s irradiation 
of back 

0.5-s irradiation 
of forehead 

1 W cm-' below 
neutral 

pain threshold? 

Warmth 

Warmth 

Warmth 

areal extent 

areal extent 

areal extent 

pain threshold 

pain threshold 

pain threshold 
Stevens 
(1973) 

J.C. Stevens & 
Marks 
(unpublished) 

J.C. Stevens & 
Marks 
(unpublished) 

J.C. Stevens, 
Marks, & 
Simonson 
(unpublished) 

Warmth 3-s irradiation 
of forearm 

areal extent pain threshold 

Warmth 3-s irradiation 
of cheek 

areal extent pain threshold 

Warmth 3-s irradiation 
of calf 

areal extent pain threshold 

( ' ) ~ o t e .  From "Families of Converging Power Functions" by J.C. Stevens in Sensation and Measurement (p. 161) by 
H.R. Moskowitz. B. Scharf, and J.C. Stevens (eds.), 1974, Dordrecht: D. Reidel Publishing Company. Copyright 1974 by D. Reidel 
Publishing Company, Dordrecht, Holland. Reprinted by permission. 

1968; Jesteadt, Luce & Green, 1977; Ward & 
Lockhead, 1970; Ward, 1973,1979). For example, 
the correlation between responses to successive 
signals is near zero when the signals are  widely 
separated but rises t o  more than 0.8 when they 
are  very close or identical (Baird, Green & Luce, 
1980; Jesteadt 1977; Green, Luce & Duncan, 
1977). Although there have been attempts to  
model sequential effects (Luce, Baird, Green & 
Smith, 1980; Staddon, King & Lockhead, 1980), 
a t  present they are  not well understood. One 

suspects they a re  closely related to the sequen- 
tial effects in  absolute identification, but  exact 
comparisons do not exist. 

A final phenomenon, described primarily by 
Baird (for a summary and references, see Baird 
& Noma, 1978, pp. 10&110) but known to all who 
run magnitude estimation experiments, is  tha t  
all subjects exhibit strong number preferences. 
Usually something of the order of 80 percent of 
the responses are accounted for by 10 to  20 num- 
bers, such as 1, 2, 3,4, 5, 10, 15, 20, 25, 30, 40, 50, 
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Figure 1.28. Log magnitude estimates of brightness 
as a function of log duration with luminance as a 
parameter. The dotted line indicates the approximate 
point a t  which additional observing time does not 
affect the estimate. From "Duration, Luminance, and 
the Brightness Exponent" by S.S. Stevens, 1966, Per- 
ception & Psychophysics, 1, p. 98. Copyright 1966 by 
The Psychonomic Society, Inc. Reprinted by per- 
mission. 

75, 100, 125, 150, 250, 300, 400, 500, 600, 750, 800, 
900, 1000. Little is known about this, but it  is 
pervasive, and no one's model of magnitude esti- 
mation or category scaling takes it into account. 

Cross-Modal Matching 
If 4, and 6, are two intensive physical measures 
and the corresponding subjective scales are 

= u14fll and +, = a,&, 

then matching seems to mean choosing 1(1, = +,, 
and so 

41 = ~124P 

where = 8z//?1. Not only is a power function 
predicted, but its exponent is uniquely deter- 
mined. We see from this that if a third modality 
is introduced, it follows that 

It is not quite so straightforward to test these 
predictions as it might seem; the reason is an 
empirical asymmetry. In practice a signal is 
presented in one modality and is matched by one 
in another modality. Of course, the procedures 
can be reversed, and if this is done it turns out 
that f i j i  # 1/Pij. Stevens & Guirao (1963) called 

3 5 10 2030 50 100 200. 

Duration in milliseconds 

Figure 1.29. Log magnitude estimation of loudness as a function of log duration with intensity in decibels as 
a parameter. From "Brightness and Loudness as Functions of Stimulus" by J.C. Stevens and J.W. Hall, 1966, 
Perception & Psychophysics, 1, p. 324. Copyright 1966 by The Psychonomic Society, Inc. Reprinted by permission. 
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this a regression effect, although there is no 
proved connection to the well-known statistical 
phenomenon of regression. The effect probably 
is closely related to the fact that we do not get 
the same estimates of the relation between IC, and 
q5 from magnitude estimation and magnitude 
production. 

Stevens opted to use the geometric mean 
(fiij/fiji)'i2 as his estimate of the symmetrical expo- 
nent relating dimension i to j. Using this expo- 
nent and Equation 2 to make predictions, he 
obtained an average absolute error of 4 percent 
for one set of nine modalities each matched to 
handgrip, and 11 percent for another of 10 modal- 
ities matched to loudness. Baird, Green & Luce 
(1980), working with extensive data for three 
subjects, were considerably less successful. A 
study by Daning (1983) of cross-modal matches 
involving four modalities was, however, very 
encouraging. A careful study of estimation, 
production, and matching for three or more 
modalities and individual subjects is badly 
needed. 

If' there are individual differences in the 
exponents and if they are interrelated in system- 
atic ways, then exponents must be highly corre- 
lated over subjects. This has been found to hold 
in a variety of cases (see references in Rule & 
Markley, 1971). They argue that the individual 
differences have more to do with the use of num- 
bers in responding than with differences in the 
sensory systems. Until much more detailed 
studies are carried out on individual subjects, it 
will not be known whether the predicted rela- 
tions really hold or not. 

Reaction Time 
Another measure that can be used globally is 
simple reaction time to signal onset. The experi- 
ment is simple to describe, although somewhat 
difficult to perform well. On each trial there is a 
warning signal, usually a moderately intense 
signal in a modality different from the one being 
studied. At some time after the warning signal, 
the reaction signal occurs and the subject 
attempts to respond as rapidly as possible. There 
are serious methodological problems in attempt- 
ing to get the subject actually to respond to the 
reaction signal and to prevent anticipations of it 
using time estimation from the warning signal. 
Two procedures are commonly followed to dis- 
courage this practice. In one, the time between 
the warning signal and the reaction signal, the 

foreperiod, is constant, but on a small fraction, 
say, 0.1, of the trials the reaction signal is 
omitted. Responses on these catch trials are evi- 
dence that the subject is not waiting to respond 
to the reaction signal. In the other procedure, 
there is always a signal, but the length of the 
wait is random. Various distributions have been 
used, but only one makes any sense, namely, the 
exponential (or geometric) distribution, which 
makes the probability of a signal's occurring 
during any small, fixed period of time a constant. 

Mean reaction time decreases systematically 
with intensity (Cattell, 1886), and Pieron (1914) 
suggested that it took the form 

RT = r + k I - B ,  

where I  is signal intensity and r, k ,  fi are con- 
stants. This has been shown to summarize some 
data quite well, but not visual data (Kohfeld, 
1971; Mansfield, 1976). Because the magnitude 
data satisfy Stevens' law, some effort has been 
made to show that a basic linear relation holds 
between reaction time and subjective loudness 
or brightness. However, at least one study is not 
consistent with that hypothesis (Kohfeld, San- 
tee & Wallace, 1981). 

An adequate psychophysical theory should 
account for both the scaling of data, by what- 
ever means, and the response times that are 
involved. As yet, no fully adequate theory has 
been developed, although a number of partial 
ones have been suggested (see Luce, 1986a, and 
Welford, 1980). 

The Elusive Bridge 

A considerable portion of the history of psycho- 
physics can be viewed as a search for a way to 
construct a bridge from local to global psycho- 
physics. The field began with such an attempt 
(Fechner, 1860), and the problem remains unsolved 
and ever more taxing as new data add to the 
constraints that must be satisfied. Another, and 
perhaps more intellectually satisfying, way to 
view the problem is as a search for a comprehen- 
sive, but parsimonious, psychophysical theory, 
able to account for the results from the various 
paradigms, both local and global. The implicit 
belief underlying this search is that a unifying 
psychophysical theory will be found rather than 
simply a collection of special theories, one for 
loudness, another for brightness, still another 
for warmth, and so on. The reason for this hope 
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Figure 1.30. The near miss to Weber's law for pure-tone intensity with frequency as a parameter. A I / I  in 
decibels is plotted against I i n  decibels. The common theoretical curve is AIII = I-0.072. From "Intensity 
Discrimination as a Function of Frequency and Sensation Level" by W. Jesteadt, C.C. Wier, and D.M. Green, 
1977, Journal of the Acoustical Society of America, p. 171. Copyright 1977 by the American Institute of Physics. 
Reprinted by permission. 

is the intuition that once the transduction of a 
signal is completed, which admittedly varies 
substantially among modalities, then possibly 
the central nervous system deals with all inten- 
sive modalities in the same way when respond- 
ing to the kinds of questions posed in psycho- 
physical experiments. It seems reasonably clear 
that such a comprehensive theory does not exist 
for qualitative (what Stevens called metathetic) 
attributes, such as hue, pitch, taste, and the like. 
So, in what follows our attention will be con- 
fined, as it has been throughout much of the 
chapter, to attributes having to do with intensity. 

Weber Functions 
The most obvious bridge from local to global 
psychophysics is simply to state how local per- 
formance varies over the whole range of the 
attribute. We denote by A$ the size of the incre- 
ment required at physical intensity $ in order to 

achieve a certain level of performance in discri- 
mination-say 75 percent correct in a two-inter- 
val, forced-choice design or 50 percent correct 
identification in a single-interval design. Then, 
one can ask how A$ or, more conveniently when 
$ is a ratio scale, how the so-called Weber frac- 
tion A$/$ varies with $. That relation is known 
as a Weber function. Plots of it for a pure tone, 
for noise, and for white light are shown in 
Figures 1.30, 1.31 and 1.32. Observe that for 
noise the Weber fraction is constant over a sub- 
stantial part of the range; when that obtains, 
Weber's law, A$ = k$ ,  is said to hold. It used to 
be thought that Weber's law was a rather good 
approximation to the Weber function for many 
intensive attributes, which is why it was called 
a law. However, with better measurements it 
has become clear that it is at best an approxi- 
mation. The curve shown in Figure 1.31, which 
fits the noise data rather well, is the slight 
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Figure 1.31. The Weber fraction in decibels versus noise power density in decibels for white noise. The 
generalized Weber's law is shown fitted to the data. (Adapted from Miller, 1947.) From "Discrimination" by 
R.D. Luce in Handbook of Mathematical Psychology (p. 203) by R.D. Luce, R.R. Bush, and E. Galanter (eds.), 
1963, New York: John Wiley & Sons, Inc. Copyright 1963 by John Wiley & Sons, Inc. Reprinted by permission 
of John Wiley & Sons, Inc. 
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Figure 1.32. Increment thresholds versus intensity of a light flash, showing the transition to Weber's law well 
above threshold. Open symbols represent human observers; solid symbols represent retinal ganglion cells of cat. 
Reprinted with permission from Vision Research, 16, R.J.W. Mansfield, "Visual Adaptation: Retinal Trans- 
duction, Brightness and Sensitivity," Copyright 1976, Pergamon Press, Ltd. 
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generalization of Weber's law to A 4  = k4 + c; 
another relation, with a third parameter, fits 
even better (Falmagne, 1974). For the pure 
tones, the data are all well fitted by a still dif- 
ferent generalization A 4  = k41-P, where p = 

0.072. This latter relation has been called the 
'near miss to Weber's law' (McGill & Goldberg, 
1968). Rabinowitz, Lim, Braida and Durlach 
(1976) argued that the Weber function for pure 
tones is actually piecewise linear. For additional 
material on visual discrimination, see Rushton 
(1965), and for a general discussion of Weber 
functions, Falmage (1985) and Laming (1986). 

The Psychophysical Law 
The Weber function only tells us something 
about how the variability of performance changes 
with intensity; it does not really say anything 
about the subjective growth of sensation with 
intensity. .This hypothesized relation, which is 
commonly called the psychophysical law, has 
been the focus of two major and numerous minor 
efforts; we turn to the major ones. 

Fechner (1860) first posed the problem of 
relating global attributes of sensation to local 
ones, and he believed he had solved it. Neverthe- 
less, well over a century later the problem is still 
open. Consider the just noticeable difference 
(jnd) in intensity-which is often taken to be the 
change in intensity that results in some fixed 
value for the probability of detecting the 
change, as in the Weber function, or some closely 
related estimate using sequential methods. 
Fechner asserted that the jnd could be used as a 
unit of measurement. He assumed that at the 
subjective level all such changes are equivalent 
to one another. This was plausible on the 
assumption of a discrete representation and so 
the existence of true thresholds. Specifically, if 
4 is the physical measure and $ the correspond- 
ing subjective one, and if A 4  is the just discri- 
minable physical change, then for the corre- 
sponding subjective change, A 4  to be constant, 
we have 

A$ = $(4 + A4) - $(4) = constant. (3) 

On the assumption that A 4  satisfies Weber's 
law, it is not difficult to see that 

is a solution to Equation 3, where a and 4, are 
free parameters. (Fechner presented a general 

scheme for solving Equation 3 for any Weber 
function which, though it leads to the correct 
answer when Weber's law holds, is incorrect in 
general; for a detailed discussion see Falmagne, 
1971, 1974, 1985, Krantz, 1971, and Luce & 
Edwards, 1958.) The logarithmic solution came 
to be called Fechner's law. 

Fechner's approach is valid only if the 
untested assumption that A$ is constant is cor- 
rect. Almost from the beginning objections were 
raised to it, based on the recurrent observation 
that invariant stimulus ratios seem to corre- 
spond, at least roughly, to invariant sensations 
(Plateau, 1872). For example, changing the over- 
all illumination from bright sunlight to the dim- 
ness of dusk does not seem greatly to alter the 
relative intensities within a scene. This is not 
implied by Fechner's law. Nevertheless, these 
objections did not prevail in the debates at the 
end of the 19th century nor for the first 30 years 
of this century until practical experience and 
experiments cast it in serious doubt. Were it 
correct, loudness would grow with decibels; yet 
engineers who quieted noisy environments to 
some fraction of their original levels using deci- 
bel measures always disappointed their clients. 
The engineers' 50 percent seemed subjectively 
very different from what had been expected. 
These, and other observations, were the back- 
ground that led to the introduction of ratio esti- 
mates (Richardson & Ross, 1930) and ended in 
Stevens's (see 1975 for a full list of references) 
systematic and prolonged attack on Fechner's 
law and to its proposed replacement, Stevens' 
law. For a detailed history of these early studies, 
see Marks (1975, Chapter 1). 

Stevens took seriously the notion that inten- 
sity ratios are of fundamental importance in 
sensory processing, and he developed his methods 
of magnitude estimation and production and of 
cross-modal matching to take advantage of this 
apparently major property. In addition, he 
argued forcefully that Fechner's approach of 
tying local variability to the growth of the scale 
was inherently misguided, because there is no 
necessary relation between the scale value and 
the amount of variability at that point along the 
scale. (This observation is easier to accept for 
continuous representations than for discrete 
ones.) He cited physical examples, such as a 
voltmeter, to bolster his point. Rather, he 
argued, the growth of sensation can be observed 
directly, and as we noted in the section on mag- 
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nitude estimation he  found (approximately) 

that is, Stevens' law. He was not concerned with 
the variability in the responses in these global 
experiments; his focus was explicitly on the cen- 
tral tendency, and the variability he considered 
as no more than noise of measurement. [This is 
slightly misleading since Stevens was earlier 
involved in studying BBkBsy's (1930) neural 
quantum theory of discrimination (Stevens et  
al., 1941), but although he discussed i t  in his 
book that was published posthumously (Stevens, 
1975), i t  was largely isolated from his work on 
the psychophysical law.] Thus there really was 
no closing of the chasm between local and 
global matters, since the local concerns itself 
almost exclusively with questions of variability. 

Category versus Magnitude Scales 
The debate between differences and ratios, loga- 
rithms and power functions is far from resolved, 
as we shall see in this and the next subsection. 
In recent years, Anderson and his students have 
strongly urged, in essence, that  the differencing 
of Fechner is more adequate than the ratioing of 
Stevens. Put their way, scaling should be done 
by partition methods, not magnitude ones. The 
raw empirical facts relating category and mag- 
nitude scales are moderately simple and uni- 
form, as was first shown by Stevens and Galan- 
ter (1957). Category scales are concave relative 
to the corresponding magnitude scale and, in 
fact, tend to approximate a logarithmic func- 
tion. The degree of concavity is affected by a 
number of things, especially by the number of 
categories used. 

Torgerson (1961) first raised the question, 
whether there are two distinct subjective opera- 
tions when subjects are asked to respond in 
these two ways, or only a single one. The latter 
seems a real possibility since the two scales are 
roughly logarithmically related and the loga- 
rithm is the function that  converts a ratio into 
a difference. Indeed, if there were two distinct 
operations, we should then be able to find dif- 
ferent orderings of pairs of stimuli depending on 
which operation is used. This is because we have 
many examples in which ratios and differences 
give different orders, such as 

614 < 211 and 6 - 4 > 2 - 1. 

The data (see Birnbaum, 1978 and 1982, for a 

summary and other references) have not exhib- 
ited any such nonmonotonicity, and so the cur- 
rent conclusion is that  there is a single opera- 
tion available to the subjects. Accepting that  
raises two questions: does that  operation 
involve differences or ratios, and is the same 
psychophysical mapping used under both sets of 
instructions? As yet there is no agreed-upon 
answer to either question and, in fact, the two 
questions are not independent. I t  is agreed, how- 
ever, that  an  experiment designed to  answer 
these questions would necessarily be quite com- 
plex, and would involve judgments about differ- 
ences of two pairs of ratios and ratios of two 
pairs of ratios. Such judgments appear to  be at ,  
or perhaps beyond, the limits of subjects' capa- 
bilities (Birnbaum, 1979; Hagarty & Birnbaum, 
1978; Eisler, 1978). In any event, there is no 
consensus yet on which operation should be 
viewed as basic. 

Random Variable Representations 
Following Fechner but preceding Stevens there 
was Thurstone, whose model and the closely 
related signal detectability theory we have 
already treated in some detail. According to his 
argument each signal results in an  internal 
numerical representation which varies from 
presentation to  presentation. In probability 
terms, the internal representation is a random 
variable. This view was implicit in Fechner and 
in such work as Urban (1910) and others during 
the first quarter of the century, especially 
among those concerned with mental test theory, 
but it was first made explicit by Thurstone (1927, 
1959). Given such representations of signals, one 
develops a theory for category experiments by 
assuming that the range of possible values of the 
representations is partitioned into a number of 
intervals equal to the number of response cat- 
egories (Torgerson, 1954). Responses are made 
according to the interval within which the 
representation falls. Usually, the intervals are 
defined by giving the location of the mean 
boundary points between successive intervals. 

Accepting this point of view, one can, in prin- 
ciple, estimate the means and variances of the 
random variables and the mean boundary values 
from data on the identifiability of signals. A plot 
of the mean signal representation against inten- 
sity is the psychophysical law and if the vari- 
ance were constant, i t  would support Fechner's 
assumption of constant subjective variability 
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(in Thurstone's paper this was called Case 5 of 
the model). Much of the work of Braida and 
Durlach and their colleagues has been an 
attempt to do just that. 

One major problem with all this is that the 
representation lacks uniqueness. Given that a 
particular Thurstonian model fits a body of data, 
any strictly increasing transformation of the 
psychophysical scale leads to another Thur- 
stonian representation that fits it equally well, 
albeit with different distributions of the random 
variables. In practice, it is customary-it began 
with Thurstone, although he was quite tentative 
about it-to limit attention to Gaussian distri- 
butions, in which case the means are uniquely 
determined up to positive affine (interval scale) 
transformations. And when this is done, a loga- 
rithmic psychophysical law and constant vari- 
ances give a good account of the data (Braida & 
Durlach, 1972; Durlach & Braida, 1969; Korn- 
brot, 1978,1980). But the issue is, why assume the 
Gaussian? This has no stronger intuitive appeal 
than does Fechner's constancy of subjective just 
noticeable differences. It is sometimes argued 
that the Gaussian postulate can be tested by 
studying the form of ROC curves, which in prin- 
ciple is true. But in practice the data are so 
variable and other distributions differ so slightly 
from the Gaussian that it is rather futile to try 
to decide on the basis of ROC curves (as evi- 
dence of the problem, see Wandell & Luce, 1978). 

If one takes seriously the existence of an 
internal representation, one might assume that 
it is used in a more or less direct fashion in 
magnitude estimates, in which case the variabil- 
ity of those estimates should reflect that of the 
internal representation. This line was followed 
by Green & Luce (1974), and although it is reason- 
ably clear that the distributions of magnitude 
estimates are not Gaussian, their exact form is 
much more difficult to determine than had been 
anticipated because of the very strong sequen- 
tial effects that exist. We turn to that problem 
together with the problem of the major impact of 
signal range on absolute identification. 

If one fits an equal-variance, Gaussian Thur- 
stone model to the data obtained using different 
ranges, the variance grows systematically with 
range. Independently, Durlach and Braida 
(1969) and Gravetter and Lockhead (1973) con- 
cluded that the variance is of the form AR2 + B 
where A and B are estimated constants, and R is 
the stimulus range as measured by the loga- 

rithm of the ratio of the maximum to the mini- 
mum stimulus used, measured in physical units. 
(Actually, Gravetter and Lockhead, 1973, and 
Weber et al., 1977, have shown that a more subtle 
definition of range is needed, but that given 
above is satisfactory when the signals are more 
or less evenly spaced over the range.) The fit of 
this model is shown in Figure 1.20, p. 50. It is 
generally agreed that this is an empirical result 
in need of further explanation. Almost certainly, 
it does not mean what it seems to, namely, that 
the variance of the signal representation as 
such grows with range. There is little reason to 
believe that brief signals occurring on other 
trials many seconds away directly affect the 
representation of the signal in the peripheral 
nervous system. Certainly this does not happen 
in the auditory system and it is unlikely to be a 
major factor in the visual system either. The 
apparent change in the variance more likely has 
something to do with central access to the 
peripheral information. 

Several ideas have been proposed. Berliner 
and Durlach (1973) suggested that the end 
points of the signal range serve as well-defined 
anchors for the location of the category bound- 
aries, and that the farther a boundary is from 
the nearest anchor the more variable its loca- 
tion. Qualitatively, at least, this accounts nicely 
for both the range effect and for the bow (or 
edge) effect. There is, however, no account 
provided of the mechanisms involved in both 
establishing anchors and generating more vari- 
ability as the distance from an anchor increases. 

A second proposal, by Green and Luce (1974), 
assumes that the central nervous system can 
access all the information available for only a 
narrow band of intensities-something of the 
order of 15 f 5 dB for sound intensity-and for 
a signal falling outside this attention band only 
a fraction, roughly 10 percent, of the informa- 
tion is accessed. Since the band may be located 
anywhere on the stimulus continuum, this is a 
postulate of focused neural sampling. If one 
simply assumes that on each trial the band is 
located at random in the range being used, it 
accounts nicely for the range effects, an exam- 
ple of which is shown in Figure 1.21, p. 50 
(Luce et al., 1976). If in addition, one assumes 
that there is a greater tendency to locate the 
band at the ends of the range than at the mid- 
range, then perhaps the bow is explained. Shifts 
in the location of the band that depend on the 
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pattern of signal presentation can potentially 
account for some of the sequential effects (Luce 
& Green, 1978). Of course, as was noted earlier, 
there is clear evidence that criterion shifts are 
also involved in the trial-by-trial sequential 
effects. 

Other models have been suggested by Marley 
and Cook (1984, 1986), Treisman (1985), and 
Treisman and Williams (1984). 

Although there has been some progress in 
understanding why the global data are so dif- 
ferent from the local, the topic is still exceedingly 
controversial and fluid. No one has come up 
with a comprehensive model, one that explains 
local discrimination, accounts for global methods 
such as magnitude estimation, production, and 
cross-modal matching, gives a detailed explana- 
tion of both the sensitivity and criterion sequen- 
tial effects, and has a natural explanation for 
response times and their distributions. Any- 
thing less is not really satisfactory, although the 
steps in reaching that goal will surely be more 
modest. 

Possible Relations to Measurement 
Theory 

Clearly, psychophysicists doing global experi- 
ments, whether they use partition or magnitude 
methods, are in a sense measuring something. 
We may therefore ask: do their data satisfy any 
of the axiomatic theories of measurement and, if 
so, does the structure of the scales that result 
mesh with the highly structured family of scales 
from physics? 

Anderson, using partition methods, has quite 
explicitly attempted to fit the numerical responses 
obtained from stimuli with a factor structure to 
several simple representations, and when the fit 
is good he interprets that as evidence favoring 
both the model and the procedures. The result- 
ing scales are unique up to the scale character of 
the model, usually an interval scale. Stevens 
and his followers have not been quite so explicit 
and systematic in fitting the data from mag- 
nitude methods to factorial models, but in some 
cases they have and in others it is obviously 
possible to do so. Moreover, Levelt et al. (1972) 
and Falmagne (1976) have explicitly used methods 
from conjoint measurement to develop additive 
scales of loudness where the two factors were 
the two ears; interestingly, the loudness func- 
tions for the separate ears were power functions 

of intensity. And, although we have not talked 
much of theories for metathetic attributes, men- 
tion should be made of Krantz's (197411975) very 
careful measurement analysis of metameric 
color matches which leads to a representation of 
color as multiplicative vector space. 

So, to a considerable degree, the measure- 
ment carried out in global psychophysics is con- 
sistent with the representations developed in 
the theory of measurement. To a much lesser 
degree, some study has taken place of the ade- 
quacy of the axioms underlying these repre- 
sentations. It is probably safe to assume that, as 
measurement theory becomes more familiar to 
psychologists, the relations between these models 
and global scales will become far more explicit 
and deeper. 

Now, what can be said about the structure of 
the resulting scales? Recall that in physics one 
can select a basic set of five (or possibly six, 
depending on how one chooses to treat angle) 
extensive quantities so that all other scales are 
products of powers of the basic ones. Does any- 
thing of the sort exist in psychophysics and, if 
so, how does it relate to the physical structure? 

If we accept the view of the Anderson school, 
with its resulting interval scales and additivity 
or averaging across factors, the answer is either 
No, there is no comparable structure, or Maybe, 
if one works with the exponential of the observed 
scales, but that introduces free exponents in the 
scale. No work along these lines has yet been 
done. If we accept the Stevens school and its 
belief that the exponents are fixed by the modal- 
ity, then a possibility exists, although it cannot 
yet be said to have been fully explored. Let us 
try to be a bit more explicit as to what is needed. 

Stevens attempted to establish by means of 
cross-modal matches that every magnitude scale 
of physical intensity is a power function of every 
other one, and that of any three modalities, the 
exponents relating any two pairs predict the 
exponent relating the third pair. Although he 
provided some support for this based on average 
data, it remains somewhat uncertain whether it 
holds for individual subjects and whether esti- 
mation followed by production can predict the 
cross-modal function. 

Stevens's data hint at the possibility of a 
single sensory dimension of intensity. At the 
moment, however, we cannot really say more 
than that there is a hint, for no one has actually 
pushed these studies through in the detail 
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necessary to know whether the various inten- 
sity scales exhibit a structure similar to the 
scales of physics. One cannot but be concerned 
by the demonstration (King & Lockhead, 1981) 
that the exponents can easily be shifted by as 
much as a factor of 3 and by the earlier data that 
the exponents are affected by a variety of experi- 
mental manipulations (Poulton, 1968). Clearly, 
much more work, using the data from individual 
subjects, is needed before we will be able to 
develop any clear picture of the structure of 
psychophysical scales. 
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